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Definitions A background

Graph G = ( KG )
, ECGD

,
SE VED

.

Gest : the subgraph induced by S
.

Clique: S is called a clique if GIS ] is complete .

stable set : S is called a stable set if GCS ]

has no edges .

Clique number : WCG) = max flSl : S is a clique of Gf

stable number : HGH Max I :S is a stable set ofGI
.
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A k - coloring of G is a mapping a VED → Hi " H

Sit
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Ctc is is stable for each integer i
.

The chromatic number of G is defined as

fees = min fki G admits a k - coloring t
.

HCG ) x WCG ) for all graphs G
.
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This means that one cannot expect a function

such that YCGK fewCGD for all graphs .

£

f-bounded problem : (Gy a'
'

rfa's
,

1975 ) Let G be a family

of graphs. If there exists a function f sit
.

YEHfewer) for each GEG,

then we say that G is

f-bounded
,

and called f a binding function of g .
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Fe - free graph : Let Fe be a set of graphs .

We say
that a graph G is Fe - free if G induces

no member of Fe as its subgraph .

Hole : A hole is an induced cycle of length 34
.

F-veryodd hole : An even Cresp .
odd ) hole is

a hole of even Cresp.
odd) length .

The f-bounded problem of some holesfreegraphs are studied
extensively
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Er do"
s proved

that for any positive integer k and I
,

these exists a graph G with ya Kk and without

cycles of length less than l
.

49597

Let I be a set of positive integers,
and let

GI = f cycle of length i
,

i c- It
.

To guarantee the X - boundedness of GI - freegraphs
,

II I cannot be finite I ! I
.
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Hole free graphs are also called chordalgraphs
,

which

have YET) = WCG ) .

Perfectgraph : A graphG is said to be perfect if

Htt wut ) for each induced subgraph H off .

Theorem (The
Strong Perfect Graph Theorem

, chudnovskgetal,
soo 6)

A graph is perfect if and only if it induces

neither odd holes nor their complements .
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Even hole freegraphs are quite close to perfect
graphs in some sense .

Theorem (Addario - Berry,

Chadmusky , Haret ,
Reed

,
and

Seymour

zoo 8
,

and Chad nous ky and Seymour wut )

Every even hole free graph G has a vertex whose

neighbor set is the union of two cliques.

Corollary Every even hole free graph G has

HCG) E 2 WCG) - I .

One may find other results on even holefreegraphs in a
surveyof Vukovic

.
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Odd holefreegraphs are quite differentfrom perfectgraphs .

Confirming three conjectures of Gydrfa's ,

aww ,

Scott and Seymour Cw 16 ) proved that YCGK

for every
odd hole free graph G

,

chudnousky , Scott and Seymour boy ) proved that

( holes of length at least e) - freegraphs are f-bounded
,

chudnovsky,
Scott

, Seymour and spirkl Gozo ) proved

that ( odd holes of length at least l ) - freegraphs
are f-bounded

.
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Let He be the set of triangle freegraphs that induce no

holes of length o modulo 3
.

Bona
my,

charbit and Thomassee answered affirmatively

a question of Kalai and Meshaben
,

and proved that

there exists a constant c Sit . fed Ec for all G EZE .

Q : Is Yea, E3 for all G Etc ? Open .

One
may find more results and questions in a

survey of Scott andSeymour

Gong ,
and a survey of Schiermeyer

and Randerath Good .
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Let Lz s be a positive integer,
we define

Gefgraphs ofgirth Htt without odd holes of Length > It 34

Robertson conjectured that the only 3- connected

internally a - connected graph in § is the Petersongraph .

In 2014
, Plummer and 2ha presented some counterexamples

to Robertson's conjecture,
and proposedthe following questions

.



Question I : How close are graphs of Gs to perfectgraphs

?Question 2 : Are thegraphs ofGa have bounded chromatic number?

Questions : Is it true that. fade3 if G E § ?
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and 2ha
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Answering Questions Iand 2
,Xu

,
Yu

,
and 2ha proved

Theorem CX , Yu ,
and 2ha

, my )

Let G be a graph of Gz
,

and let a be a vertex of G
.

Then
, for every positive integer h

,
the set of vertices of

distance h to a induces a bipartite subgraph .

\ U ← I
As a consequence, %

.  Ifs . ay

food E4 if G E§
.

Ho¥Ho ← a . y

Bipartite :

6 O - -
-

- - O



Main results

Lets be a subset of VCGS
,

and i30
.

For XEVCG )
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, Stil

.

Example:
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Main results

Lets be a subset of VCGI
,

and i30
.

For XEVCG )
,

we define

de, = minfdcx , u ) : UES !

LiCD =/ video
, Stil

.

• o . o Ifj > it ! then
O O

.

O

S : :

'

: UUEIECG) for
° o

° attics ) and vehjcs)
.

Lots ) 40 ) bls )



Theorem 1 C Wu
,

X .
and Xu,

wut )

Let bas G E Ge
,

and S e VED sit . GES ] is connected
.

If, for each # El - I
,

Lic S) induces a bipartite subgraph ,

then GI Li LSD is bipartite for each isd
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Theorem 1 C Wu
,

X .
and Xu,

wut )

Let 133 GE Ge
,

and Se VED sit . GE is connected
.

If, for each # El - I
,

Lies ) induces a bipartite subgraph ,

then GILICSD is bipartite for each isd
.

o U

By taking S -

- ful
,

Likes is H.to icy

stable if Kiel - I
,

and so stable toto.to ↳ cus

Live , is bipartite for all i
. it! .it Lena ,
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Theorem 1 C Wu
,

X. and Xu,
wut )

Let bas GE Ge
,

and SEVEN s.t.GE is connected
.

F. for each # set
,

Lies ) induces a bipartite subgraph ,

then GELICSD is bipartite for each isd
.

o U 1

By taking S= ful
,

Like) is
me, fo is .ae

stable if #Edt
,

and So hay !
to.! hah

Live , is bipartite for all I
. Lexus I!

-to Hal

4%4 if Gee,YzGe
.

I '

to ÷
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Theorem 2 ( Wu
,

X
,

and Xu
,

woot )
Let G E Ga

. If G induces no two 5- cycles sharing edges
,

then YCGK 3
.

Two 5- cycles sharing edges ingraphs of Ga
.

O O O O

° O O O 0

O O O O O

Q
-

O
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Ui Ui
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oh Us ohUso°

Deleting Usoofof Vfof°v,004 thaand Uj of,

004Uzo°U4
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UT
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of O
003

⑥
+

o

qgz 005
04

Theorem 3 I Wu, X ,
and Xu

,
zozot )

Let GEE .tfycGf4 but YAD for each propersubgraph

Hoff ,
then

Gisot
- free .



Relation between O
, -0 ; and Ot
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Sketches of some proofs .

Theorem 1 C Wu
,

X .
and Xu,

wut )

Let bas G E Ge
,

and S e VED sit . GEST is connected
.

If, for each # El - I
,

Lil S ) induces a bipartite subgraph ,

then GI Li LSD is bipartite for each is I
.

We take S ⇒ ul for a single vertex a as example to show

the procedure of proving
Theorem I

.



Let Li  = Lily
,

i 70 .
Then

,
Li

,
o Iast - I

,
is stable

.

Let h be the smallest integer sit .
Gums is not bipartite,

and let C -

- U oui - - . Use Uo be an odd hole of GELheD
.

÷÷÷÷÷÷÷:

TT . . . T
Stable Sets



Let q= LE) .
fuori ,

.  . sketch - a

gp
.

¥÷÷:÷÷÷÷÷.
:÷÷÷÷÷÷÷÷÷i÷÷i÷i÷÷.

Hiromi :# is minimum . Tpe



Let f- LE) .

looms .  . sketch - a

gp
.

¥

:÷:÷÷÷÷÷
.

:÷÷÷÷÷÷÷÷÷÷÷÷÷i÷÷

.

Hiromi :# is minimum . Tpe

If vote
,

we have an odd hole of length atleast 21+3
,

poukuo.ua/7eUUoUe or Perine.US/7oUUoUe

÷÷÷÷÷÷÷÷÷÷÷÷i÷÷. :÷÷÷÷÷÷÷÷÷÷÷÷÷i÷÷.



Suppose that work I ECG)
.

If Vetvo
,

let a be a shortest no ve -path with internal in fifth Li
,

then we have an odd hole 721+3 in QU Po U Pe U C

÷÷÷÷÷÷÷÷÷÷÷÷÷i÷÷
:÷÷÷÷÷÷÷÷÷÷÷÷÷i÷ii.



Suppose that wove I ECG)
.

If Veno
,

let a be a shortest wove -path with internal in high he
,

then we have an odd hole 721+3 in QU Po U Pe U C

÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷i÷÷.

Now,
we have Voter .

- .  - = Ae by symmetry,
and thus a hole

,

No Po von Piro, of length s I occurs if la
,

or a 7- hole

Vopzlkusuxuopovo occurs if 1=2
. µ



To prove
Theorem 2

,
We need some properties

of minimal non - 3- adorablegraphs in § .
.

Lemma I ( Wu
,

X.
,

and Xu
,

2020 'T

Let G be a minimal non - 3- colorable graph of ga

,
u

a vertex and {Ui
,
Us

, UH E that
.

Then
, G is 3- connected, every 3- outset is stable

,

and fu , us
,

oh
,
434 is not a outset

.
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Suppose that le . yl is a 2- cat
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We only proveits 3- connectivity .

Suppose that le . yl is a 2- cat
. Cg

1%17 1B
Both P,

and R have even

length ,
one has length 74

.'

B has odd length " 3
.

Now,
an odd hole 37

.



Then
,

Theorem 2 is a consequence of the following lemma
.

Lemma 2 C Wu
,

X.
,

and Xu )

Let G be a 3- connected graph in Gz that has a s - hole
.

Hf
G induces neither 0 nor a-

,
then G has

a outset six, y, 31 with Xy E ECG)
.

O  O O  O

° O O O 0

O O O O O

E O



i÷÷÷÷÷÷÷÷ ÷÷¥÷÷÷i:÷÷¥¥
.

.

A counterexample .



in:÷÷÷⇐÷÷÷÷÷÷÷÷¥÷:¥÷:÷:÷¥¥ .
.

A counterexample .

The key is that if - C has an c

yo
in :*:¥e÷¥:¥* P

°nCNuitDUNlUitzD=¢ and

Ph Nuit 4) to
.

This is the for each ,
. We can deduce a contradiction

.



Theorem 2 ( Wu
,

X
,

and Xu
,

nowt )
Let G E Gs

. If G induces neither 0 nor o
-

then YCGK 3
.

Suppose to its contrary ,
we choose G to be a minimal

counterexample . Then , G has 5- hole as otherwise G

would be bipartite . By Lemma 1
,

G is s - connected

and every 3- outset is stable
.

But this contradicts

the conclusion of Lemma 2
. If



Theorem 3 I Wu, X.
,

and Xu
,

zozot )

Let GE Ga
. if MGK4 but YAD ⇒ for each propersubgraph

H of G ,
then G is Ot - free .

Theorem 3 is a consequence of Lemm I and the
following

Lemma 4 : (Wa
, X

,
and Xu

,
wat )

Let G be a 3 - connected graph in 92 . If G has no

unstable 3- outset and is not the Petersengraph,
then

G is Ot - free .



sketch of proof.

We first show that G does not induce the Petersengraph .

Iff ,
induces the Petersen graph #

lengths ?
then every vertex of VCGIIVPI)

ouhas at most one neighbor info . uponitsThe:%Ijfid,

odd "on:¥ )Hout
P



Then
,

we show that G does not induce

PT the Petersen minus a vertex .

The argument
is almost the same

lengths ,
as above: every vertex IV 45)out ]has a- most one neighboring, or,UzoGtf

-

as G is 3- Connected
, VEof

of length ,Tidan odd hole

oov.gr
,

and one can un

p
-

W



Iff induces a Ot

yo
 

You
,

then it must induce

uooout
one of the following O

"

three configurations .

Goonout
a . FI!, .FIX, a .! .

Uooolly Uooolly Hoo
0441Ufou

,

045
U↳U5

Goou
,

OUT
We can always find an odd hole of length > 7

.



Assuming an a firmat've answer to the 3rd question

of Plummer and Zha
,

i. e
,

everygraph in Gz is 3- colorable
,

perhaps it is true that

all graphs in
,

Ge are 3- colorable
.
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