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H2�bi 8Fk p2`iB+2b- +QMi�BMb irQ +v+H2b r?Qb2 H2M;i?b /Bz2` #v QM2 Q` irQX
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/2`Bp2 i?�i #v /2H2iBM; �Mv √M/8 2/;2b 7`QK :- i?2 `2K�BMBM; ;`�T? biBHH
+QMi�BMb � ;QQ/ T�B` Q7 +v+H2bX �HbQ #v `2T2�iBM; i?2 7QHHQrBM; T`Q+2/m`2,
}`bi �TTHv i?Bb i?2Q`2K iQ }M/ � T�B` Q7 irQ +v+H2b Q7 H2M;i?b /Bz2`BM; #v
QM2 Q` irQ �M/ i?2M /2H2i2 irQ 2/;2b iQ /2bi`Qv i?2b2 irQ +v+H2b- QM2 +�M
BM 7�+i }M/ Ω(
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G2i B(:) /2MQi2 i?2 b2i Q7 �HH p2`iB+2b rBi? /2;`22 �i KQbi irQ BM � ;`�T?
:X
G2i 7(R) = 7(k) = j, 7(j) = R9, 7(9) = 8e, 7(8) = RRe �M/ 7(F) = 8Fk 7Q`
F ≥ eX
q2 rBHH T`Qp2 #v BM/m+iBQM QM F i?�i 2p2`v ;`�T? : rBi? |B(:)| ≤ F �M/
�i H2�bi 7(F) p2`iB+2b +QMi�BMb � ;QQ/ T�B` Q7 +v+H2bX

*H�BK R

G2i > #2 � ;`�T? rBi? |B(>)| = F- KBMBKmK /2;`22 δ(>) ≥ k �M/ MQ
;QQ/ T�B` Q7 +v+H2bX A7 F = j Q` F ≥ 9 �M/ |o(>)| ≥ 7(F − R) + 7(j)- i?2M >
Bb k@+QMM2+i2/X
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� +mi@p2`i2t m BM >- G2i "R #2 � +QKTQM2Mi Q7 > − {m} �M/
"k = > − {m}− "RX
6Q` B ∈ [k]- H2i #B = |B(>) ∩ "B|- �M/ r2 ?�p2 #B ≥ kX
"v BM/m+iBQM r2 ?�p2 7(#R + R) + 7(#k + R) > |o(>R)|+ |o(>k)| >
|o(>)| ≥ 7(F − R) + 7(j) = maxk≤b≤F/k{7(b + R) + 7(F − b + R)}
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� +v+H2 * BM � ;`�T? > Bb +�HH2/ 72�bB#H2 B7 Bi Bb BM/m+2/ �M/ > − * Bb
+QMM2+i2/X
*H�BK k

G2i > #2 � k@+QMM2+i2/ ;`�T? rBi? |B(>)| = F �M/ MQ ;QQ/ T�B` Q7 +v+H2bX
A7 |o(>)| ≥ 7(F − R) + R- i?2M i?2`2 2tBbib � 72�bB#H2 +v+H2 BM >X
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G2i * #2 � +v+H2 BM � ;`�T? :X � #`B/;2 Q7 * Bb 2Bi?2` � +?Q`/ Q7 * Q` �
bm#;`�T? Q7 : Q#i�BM2/ 7`QK � +QKTQM2Mi " BM : − o(*) #v �//BM; �HH
2/;2b #2ir22M " �M/ *X q2 +�HH p2`iB+2b Q7 i?2 #`B/;2 MQi BM * BMi2`M�HX

G2KK� 9 U"QM/v �M/ oBM+2- RNN3V
G2i : #2 � k@+QMM2+i2/ ;`�T?- MQi � +v+H2- �M/ H2i * #2 �M BM/m+2/ +v+H2
BM : bQK2 #`B/;2 " Q7 r?B+? ?�b �b K�Mv BMi2`M�H p2`iB+2b �b TQbbB#H2X
h?2M 2Bi?2` " Bb i?2 QMHv #`B/;2 Q7 *- Q` 2Hb2 i?�i " Bb � #`B/;2 +QMi�BMBM;
2t�+iHv irQ p2`iB+2b m, p BM o(*) �M/ 2p2`v Qi?2` #`B/;2 Q7 * Bb � T�i? 7`QK
m iQ pX
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"v G2KK� 9 r2 K�v �bbmK2 i?�i " Bb � #`B/;2 +QMi�BMBM; 2t�+iHv
irQ p2`iB+2b m, p ∈ o(*) �M/ i?2`2 2tBbib �MQi?2` #`B/;2 S Q7 * r?B+?
Bb � T�i? 7`QK m iQ pX
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*H�BK j

G2i > #2 � k@+QMM2+i2/ ;`�T? rBi? |B(>)| = F �M/ MQ ;QQ/ T�B` Q7 +v+H2b-
r?Qb2 Q`/2` Bb �i H2�bi 7(k) + 9 7Q` F = j �M/ �i H2�bi 7(F − R) + 7(j) + kF
7Q` F ≥ 9X G2i * #2 �Mv 72�bB#H2 +v+H2 BM > �M/ H2i � = L*(> − *)X h?2M
* ?�b H2M;i? �i KQbi kF �M/ /BpBbB#H2 #v 7Qm`- r?Qb2 p2`iB+2b �Hi2`M�i2
#2ir22M � �M/ B(>) ∩ o(*)X
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h?2`2 Bb MQ T�B` mB, mB+"`/k#+R ∈ � r?2`2 i?2 bm#b+`BTi Bb KQ/mHQ `X
G2i >′ #2 Q#i�BM2/ 7`QK > #v /2H2iBM; B(>) ∩ o(*)X h?2M r2 FMQr
|�| = |B(>) ∩ o(*)| = |*|/k �M/ * Bb �M 2p2M +v+H2 Q7 H2M;i? �i KQbi
kFX
h?2`2 2tBbi MQ irQ +QMb2+miBp2 p2`iB+2b BM * #2HQM;BM; iQ �X
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*H�BK 9

G2i >,*,� #2 7`QK *H�BK jX G2i . = {p ∈ o(*)| />(p) ≤ j} �M/
�′ = B(> − .) \ B(>)X h?2M |o(*)\.| ≤ R- |�| = |�′| = |*|/k rBi?
� ∩ �′ = o(*)\.- �M/ 2p2`v p2`i2t BM � − o(*)\. Bb �/D�+2Mi iQ � mMB[m2
p2`i2t BM �′ − o(*)\.c KQ`2Qp2`- > − . Bb k@+QMM2+i2/ rBi?
|B(> − .)| = |B(>)|X
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S`QQ7 Q7 J�BM `2bmHi

G2i :y #2 � ;`�T? rBi? |B(:y)| = F �M/ �i H2�bi 7(F) p2`iB+2bX
amTTQb2 7Q` � +QMi`�/B+iBQM i?�i :y ?�b MQ T�B` Q7 +v+H2b r?Qb2
H2M;i?b /Bz2` #v QM2 Q` irQX
G2i :R #2 � ;`�T? Q#i�BM2/ 7Q`K :y #v /2H2iBM; �HH p2`iB+2b rBi?
/2;`22 �i KQbi RX
h?2M |B(:R)| = F �M/ |o(:R)| ≥ 7(F)− F- δ(:R) ≥ kX aBM+2
|o(:R)| ≥ 7(F)− F ≥ 7(F − R) + 7(j) 7Q` F ≥ 9- #v *H�BK R r2
+QM+Hm/2 i?�i :R Bb k@+QMM2+i2/X
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LQr bmTTQb2 r2 ?�p2 /2}M2/ :B 7Q` bQK2 B ≥ RX A7 :B Bb k@+QMM2+i2/ rBi?
|B(:B)| = F �M/ Q7 Q`/2` �i H2�bi 7(k) + 9 7Q` F = j �M/ �i H2�bi
7(F − R) + 7(j) + kF 7Q` F ≥ 9- i?2M

H2i *B #2 � 72�bB#H2 +v+H2 BM :B U#v *H�BK kV- rBi? i?2 T`272`2M+2 iQ #2
� 7Qm`@+v+H2-
H2i �B = L*B(:B − *B)- �M/ 7m`i?2`
H2i .B = {p ∈ o(*B)| /:B(p) ≤ j}- :B+R = :B − .B �M/
�′

B = B(:B+R) \ B(:B)X
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A7 �′
B '⊆ B(:B+R) ∩ o(*B+R)- i?2M *B+R Bb � 72�bB#H2 +v+H2 BM :BX

h?2`2 2tBbib bQK2 i bm+? i?�i |*R| = ... = |*i| = 9 �M/ |*B| ≥ 3 7Q`
2�+? i + R ≤ B ≤ K − RX
h?2 `2�bQM r2 i2`KBM�i2 �i :K Bb #2+�mb2 i?2 Q`/2` Q7 :K Bb �i KQbi
7(k) + j 7Q` F = j �M/ �i KQbi 7(F − R) + 7(j) + kF − R 7Q` F ≥ 9X
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6Q` 2�+? R ≤ B ≤ i − R- *B+R Bb 72�bB#H2 BM :BX PM2 +�M +QM+Hm/2 i?�i
BM 7�+i �HH 7Qm`@+v+H2b *R,*k, ...,*i �`2 72�bB#H2 BM :RX
6Q` 2�+? B ≥ i + R- *B+R Bb 72�bB#H2 BM :BX aQ *i+R,*i+k, ...,*K−R �`2
72�bB#H2 BM :i+RX
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S`Q#H2K
q2 #2HB2p2 i?�i i?2 #QmM/ P(Fk) +�M #2 7m`i?2` BKT`Qp2/ UT2`?�Tb- iQ �
HBM2�` i2`K P(F)VX

CmM :�Q Ulah*V PM � +QMD2+im`2 Q7 "QM/v �M/ oBM+2 �T`BH R8- kykk ky f kR



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

*QM+HmbBQM

h?�MF uQm5
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