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The kissing number problem

Let S"~' be the unit sphere in R". The (translative) kissing number problem

asks the maximum number of nonoverlapping translates S"~' + x that can
touch S"~' at its boundary. It is an old and difficult problem in discrete

geometry.
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Exact answer for kissing numbers

The exact answer is only known in dimensions
e n=1; 2

n=2;
— 3 (Schitte and van der Waerden, Math. Ann., 1952); \ 2
— 4 (Musin, Ann. of Math., 2008); D4

n = 8 and n = 24 (Levenstein, Soviet Math. Dokl., 1979, and
mdeﬂsendently((\)dlyzko and Sloane, J. Combin. Theory Ser. A, 1979).
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The best known bounds for kissing numbers

F -

Let K2(n) be the kissing number of S"—1. Y|

J s
The best known upper bound is Ky (n) </20-401n(1+0o(1)) (KabatjanskiT and
Levenstein, Problemy PeredaCIW

(W\é’w/ ])wj”a?w""‘ [ B

The best known lower bound is K>(n) > cn®/?(2/+/3)" (Jenssen et al., Adv.
Math., 2018). See also Fernandez et al. (arXiv: 1255) for constan;fr‘j}v\ \j
factor improvement.
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Bounds for the kissing numbers of ¢,-spheres

Pbsigg nitsioy
One can also consider the paég problem of other convex bodies.
For instance, the ¢,-spheres (¢,-balls):

1/p
Sp'(R):==¢ XeR": (ijp) =R

We simply write S7~' = S271(1), and let K,(n) be the kissing number of S7~.
p p p p

————— /

The best known upper bound: (

® 1<p<2 Ky(n) <3"—1, the Minko

/l-Hadwiger theorem, Arch.
Math., 1957;

© p>2,due to Sah etal, Adv. Math., 2020. {p|ic/f
The best known lower bound is due to Xu, Discrete Comput. Geom., 2007.
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Our result

We improve the results of Xu.
Since our result does not have an explicit formula, we list some numerical
results here:

Ky (n) > 20-1247n(1+0(1)) 4 20.1825n(1+0(1)) 4 p0.1854n(1+0(1) 4 ... .

~

Kz(n) 2|20.2059n(1—|—o(1)1_|_ 20.1381n(1+o(1
-

) | £0.0584n(1+0(1))

Remark 1

In the lower bound for Ky (n), the 20-2059n(1+0(1)) term js the same as the lower
bound due to Xu, so we improve the lower bound by adding the remainder
terms 20.1381n(1—|—o(1)) 4 20.0584n(1+o(1)) N

In the lower bound for Kz(n), the 20-4564n(1+0(1)) term js the same as the lower
bound due to Xu, so we improve the leading term by a factor of n and add
some remainder terms.
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ldeas

Our idea comes from coding theory.

The translative kissing number Ky(n) is equal to the largest size
W with minimum distance 1 (see Lemma 2 below). We choose
a discrete set X from 83‘1. Applying ideas from coding theory, we are able to
find a large subset of X, in which points have pairwise distance larger than or
equal to 1. This gives a lower bound for K,(n).
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Spherical codes

Let Ap(n, d) be the maximum size of a subset of S[,"1 in which the points have
pairwise {p-distance at least 2d; that is,

As(n,d) :=max{|C|: C C S} " and dy(x,y) > 2d,Vx,y € C},

where dy(X,y) := || X — ¥||p is the {,-distance between x and y. In other
words, Ay(n, d) is the largest size of an /,-spherical code with minimum
distance 2d.
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The following lemma is an easy observation.

Lemma 2 )(}3 (m) = /'P( , ‘fZ) | J

The translative kissing number K,(n) of S[,’_1 is equal to Ap(n,1/2).

Sketch of proof:

For convenience, let k1 = Ky(n) and ko = Ap(n,1/2).

If Sp~', Sp~ '+ x1,807 " + X2,..., S5 + Xy, form a kissing configuration,
then {3X1, 3X2,..., 3Xx } is an {,-spherical code with minimum distance 1,
l.e. ko > K.

Conversely, if {x1,X2,..., Xy} is an £,-spherical code with minimum distance
1,then Sp=1, S +2x1, 50" +2x%z,..., S5~ " + 2xy, form a kissing
configuration. So ky > ko.
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Constructions

For a positive integer m < n, which will be determined later, we define a family
J(m, n) of subsets of R” recursively. Define my := m and

n
Ji(m,n) := {u: (ur,Ug,...,up) € {0, £1}": Z\u;\p: m}.
i=1

Suppose we have defined m; and J;(m, n). Then we define

My = [m; /2P| (1)

and

i=1

Jip1(myn) = {u = (uy, Up, ..., Up) € {0,+(m/m;1)"/P}". Z uj|P = m} :

This process terminates when m, < 2P for some r (r = |log,, m| + 1 or
|log,, m|]). So we obtain {my > m> > ... > m,} and
J(m,n) ={Ji(m,n),o(m,n),....,J,(m n)}.
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The following proposition is easy to verify.

Proposition 3

For 7(m, n) defined above, the following statements hold.
Q Ifi+#j, then Ji(m,n) N dJi(m,n) = 0.

@ Forevery1 <i<randforeveryuec J(m,n), u has exactly n — m; zero
coordinates.

©Q Forevery1 <i<r,

Ji(m, n)| = (n';) 2. @)

/

Q Forevery1 < i< r and forevery u € J(m,n), the {,-norm of u is m'/P,
@ Ifi # j, then for every u € Ji(m,n) and v € J,(m,n), dp(u, v) > m'/P.
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dp(u, v) > m'/P forevery u, ! . Si e have proved that
dp(u,v) > m'/Pif u e J/(m/n) C J nd v e J/(m,n) C Ji(m,n) for i # ],
the set i
1 / 4‘ ; 1 /
m1/pU1J(mn {xeR”.m/PxeuJ,-(m,n)}
/ 1=

is an /p-spherical code with minimum distance 1. So

Ap(n,1/2) >

i(mv n)

=> |Ji(mn). (3
i=1

1/p U Ji(m,n)| =
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A Gilbert-Varshamov type bound

For1 <i<randu e J(m,n), define
Bin(u,m) = {v e Ji(m,n): dp(U,v) < m””}.

Note that the size of B; ,(u, m) is independent of u. If we write B; ,(m) for the
size of B; ,(u, m), then

mi\ (n—m;\ [m; —t
Bin(m) = Z ( tl) ( /> ( j )21‘ (4)
2t4+-2Px<m; )(L.Q_ C—;l@
Using the above notations, we have the following theorem.

Theorem 4

Forevery1 <i < r, we have

. N om;
e[ [E5]

v
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Main result

The following corollary is immediate and it is our main result.

Corollary 5
— |
AIRIN
D moe s [B)27
> ' :
Ap(n, 1/2) = 1r§nn§;(n = Bi,n(m) (6)
Remark 6
In the previous result due to Xu (2007), the lower bound for A,(n,1/2) is given
by maxi<m<n [%-‘ . So Corollary 5 gives an improvement.
/\\ y
V&\J ¢

=
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Sketch of proof of Theorem 4:

Let / be given and J = {%1 We choose points from J;(m, n) recursively.

At first, we arbitrarily choose uy in Ji(m, n). If we have chosen uq, us, ..., ux
for some k < J, then the set

k
Ji(m, n) \ (U Bin(uj, m))

j=1

is nonempty and we can choose uy ¢ from J;(m, n) \ <U,I-(:1 Bi n(uj, m)). And

(")

\

> WW@%
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Some numerical results for small p

It seems that there does not exist an explicit formula for the lower bound in
Corollary 5. So we give some numerical results.

Define (5 () |

\
' )2lon) — /W
Fo(o) = (L;,,,JJ) e (0,1) )

Sarseoncton () (D207

Then by equations (1)-(4) and inequality (6), we have 0= W

r

o
Ap(n.1/2) 2 0Ly - F (2(' 1)P)
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The behavior of Fy(0)

Let H(o) be the entropy function defined as

0, ifo=0o0roc=1;
H(o) =
—olog, 0 — (1 —0o)log,(1 —0), fO0O<o <.

We have the following theorem.

Theorem 7 (Xu, Discrete Comput. Geom., 2007)

We have ,
lim —log, F, > min f
e 92 Fol) = ogygmin{la/z,1—a} p(0:));

where

o(0.y) = (0-) (1 — % (%)) +H(0)—oH (L) =(1-o)H (1 Z

)

Let gp(0) = MiNg<y<min{o/2,1-01 (o, ). We list some numerical results for
special values of p.

Aug 5, 2022
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For p =1, g1(0o) attains its maximum 0.1825 at oy = 0.2605. So

i
A1(n,1/2)20r£3%<1;ﬁ (2?_1) 6;4 2

ZIZ;:H(ZJO) ) \T((),(‘);) far o a;eﬁfev boaaad,

2i—1

o
> Fi (200) + Fi (00) + F1 (5 ) + -

> 29 (200)-n(1+o0(1)) + 0g1(o0)-n(1+0(1)) 4+ 291 (00/2)-n(1+0(1)) 4.

_ 00.1247n(1+0(1)) | 90.1825n(1+0(1)) | 90.1554n(1+0(1)) | ...

Remark 8

Although 00.1247n(1+0(1)) 4 20.1584n(1+0(1)) 4 ... — 0(20.1825n(1—|—0(1)))’ we still

write them explicitly since they improve the previous bound.
Talata (Combinatorica, 2000) obtained A;(n,1/2) > 20:1825n(1+0(1)) a5 well.

Chengfei Xie (Capital Normal University ) On the kissing numbers of £p-spheres in high dimensic

Aug 5, 2022 18/30



For p = 2, go(o) attains its maximum 0.2059 at oo = 0.3881. So

> |
Ae(n.1/2) = max Z F2 (22(/ 1 ) 0. -
ot add T ( 467’)

>ZF2(4/1)

> ..
F2(00)+F2(4>+F2(42>+
S 9G(e0)(1+0(1)) | pa(o0/4)n(1+0(1) . pa(ou/16)n(1+0(1) ...

_ 90.2059n(1+0(1)) | 90.1381n(1+0(1)) | 90.0584n(1+0(1)) | .

We also write the 20.1381n(1+o(1)) + 20.0584n(1-|—o(1)) L= 0(20.2059n(1+o(1)))
terms explicitly. A \
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Some numerical results for large p

There exists a threshold py ~ 2.1 (we do not attempt to calculate the exact

value of pg) such that when p > pg, Fp(o) attains its maximum at o = 1. For
o =1, i.e. m= n, we have another lower bound. Let m = n, and recall
inequalities (3) and (5). We have

AN

Whon po1s [a17@

7/0 (6) s inreagy
Z\J1’(n,n)\+zr:u;(n,n)\ I [0/ U_

Ap(n,1/2) > " |Ji(n, )
i=1

Indeed, we can improve the lower bound for |J;(n, n)| slightly.
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Relation between the ¢, distance and the Hamming
distance

Recall the definition of Ji(n, n) and Ji(n, n). Ji(n,n) = {£1}" and J;(n,n) is a
largest subset of {£+1}" in which points have pairwise distance larger than or
equal to n'/P. For u,v € {+1}", let dy(u, v) := |{i : u; # v;}| be the Hamming
distance between them. The following lemma is an easy observation.

Lemma 9
Forevery u,v € {£1}", we have

(dp(u, v))’ =2°P . dy(u, v).

X% [ onky walid ]CW T (ww)

. | —
ue (), e covnliees f TR T el
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By this lemma, it suffices to find a largest subset of {+1}", in which points
have pairwise Hamming distance larger than or equal to [n/2P]. Recall the
definition of By ,(u, n) and we have

Bi n(u,n) = {v e {£1}":dp(u,v) < n”P}

={ve{£1}":2P. dy(u,v) < n}
={ve{£1}":dy(u,v) <[n/2P] —1}.

So B1,n(n) — ‘B1,n(u7 n)‘ — /El/()zp]_1 (2)
—_— O~
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Improving the G-V bound by a factor of n

We have the following theorem, which gives a better lower bound for |J;(n, n)|
than that in inequality (5).

Theorem 10 (Jiang and Vardy, IEEE Trans. Inform. Theory,
2004)

There exists a positive constant ¢ such that

i p RSN -
(] 2 o @ I GV bowd
— :{//

Note that 1 ’
im L iog, By o(n) H (5) ,

by Stirling’s formula. So
5

|Ji(n, n)| > C% — Cn2”(1—H(2_p)+0(1))’
— Bin(n)

for some constant ¢ (maybe depends on p).
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For p = 3, we have

: S
, 1
fa(n.1/2) = 1K) + 3 Fa (5501 )
=2

cn2n(1=H@ *)+o(1) | F.(0.1250) + F3 (0.0156) + - - -
cn2n(1—=H@™%)+0(1)) | 99s(0.1250)-n(1+0(1)) | £g5(0.0156)-n(1+0(1)) 4 ...

'V

>

cn20-4564n(1+0(1)) | £0.1562n(1+0(1)) 4 £0.0425n(1+0(1)) 4 .
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For p = 4, we have

,
1
A 1/2) = 1K) + 3 Fa (51 )
=2

cn2n(1=H@")+o(1) | F, (0.0625) + F4 (0.0039) + - - -
cnon(1=HE™*)+o(1)) 4 204(0.0625)-n(1+0(1)) 4 £94(0.0039)-n(1+0(1)) . ..

'V

>

Cn20'6627”(1+°(1)) + 20.1083n(1+0(1)) + 20.0145n(1—|—0(1)) 4o
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Further remarks

Sah et al. (Adv. Math., 2020) obtained an inequality between ¢,-spherical
codes for different p; that is, Ay(n, d) < Aq(n, dP/9) forall 1 < g < p and

d € (0,1]. So W
Ax(n,d) < Ap(n, d*/P), if1 < p<2 (7)
and T
AP(”? d) < AZ(na dp/2)7 if p = 2. (8)
Sahetal u inequality (8) to obtain an upper bound for A,(n, d) (b > 2).

[owe IOOUV\A for L= (ower pouncl %M(WJ
> . bownd £y A
S gper bowd R = b
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On the other hand, we can use inequality (7) to obtain a lower bound for
Ap(n,1/2) (p < 2) before. We need the following theorem, which is the best
known lower bound for Ax(n, d) (d € (0,1)).

Theorem 11 (Fernandez et al., arXiv:2111.01255)
Let € (0,7/2) be fixed. Then

sind " v 2mncos 6

Ax(n,sin(0/2)) > (1 4+ o(1))In \/§sin(9/2) n. g
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For1 < p <2, we have
Ap(nv 1/2) > AZ(na (1 /2)p/2 :

Let sin(8/2) = 2P/2, Then cos(6/2) = /1 —2-P,sinf = 21-P/2\/1 — 2P,

andcosf =1—2'-P. So

Ao(n,1/2) = Ao(n, (1/2)P/2)
= Ax(n,sin(0/2))

> (1 +o0(1)Iny2-21-p.n. 2nn(1 —2177)

(21—p/2m)n—1 '

After some numerical calculations, when p € (1.9948, 2], the lower bound in
inequality (9) is better than that in inequality (6).
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Open problems

o Determlne the kfsmg number of spheres for a specmzdlmensmn e.g.

lonly O(AA W‘V on \/1/ ol L4

o Shrmk the gap between the lower and the upper bound for high
dimensions. §pw/€ . );/‘ 3. .."‘J [.P

@ Find the bounds for kissing numbers of other convex bodies (e.g. the
standard simplex). This is open for almost all convex bodies.

N
¢3-|

- E% p(xva((d@‘ﬁ"}?@ -
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Thank you for your attention!
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