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Outline

@ Cover-free hypergraphs
@ Union-free hypergraphs

@ Cancellative hypergraphs
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o [n]={1,...,n}

o (M ={AC[n:|Al=r}

e r-uniform hypergraph (or r-graph) H C ([',1])
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H C ([’r’]) is called

o (Kautz-Singleton'64; Erdés-Frankl-Fiiredi'85) t-cover-free if for any
t + 1 distinct edges A1,...,A;, B € H,

B ¢ Ui A;;

o (Kautz-Singleton'64; Erdés-Moser'70) t-union-free if for any two
distinct subfamilies A, B C H, with 1 < |A|,|B| < t,

UacaA # UpesB;

o (Erdds-Katona'74; Fiiredi'12) t-cancellative if for any t + 2 distinct
edges Ay,...,A;,B,C e H,

(UL A)) U B # (Ui_1Ai) U C.
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Applications beyond combinatorics

o testing blood samples, chemical leak, electric shorting,
Denial-of-Service attack, etc

multi-access channel communication
DNA screening
pattern finding
digital and multimedia fingerprinting

In information/coding theory, cover-free hypergraph is equivalent to
e non-adaptive group testing

o disjunct matrix

e superimposed code
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Goal of this talk

o Let Fi(n,r), Ue(n,r), and C(n, r) denote the maximum size of
t-cover-free, t-union-free, and t-cancellative r-graphs on n vertices,
respectively.

@ Study the asymptotic behaviour of these functions for fixed r, t, and
n— ool

@ Focus on the Turdn exponents, is there? a € [0, r] s.t.
ge(n,r) = ©(n®), where g € {F, U, C}?

1One can also study the problem for fixed t and r, n — oo, very different
2Usually o doesn'’t exist or o < r, the problem is degenerate.
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Cover-free r-graphs

H C ([’r’]) is t-cover-free if for any t + 1 distinct edges
A,...,Ar,BeH,

@ “Trivial” example: r =1, singletons

@ “Non-trivial” example: (n, r, k)-packings, an n-vertex r-graph whose
every two edges have < k intersections

@ (n,r,[])-packings are automatically t-cover-free

(R&dI'85) 3 (n, r, k)-packings with size > (1 —o(1)) ((¥)/(}))
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Cover-free r-graphs - upper and lower bounds

o (n,r, [£])-packings: Fe(n,r) > (1 — o(1)) (([{;’1)/((21))

o (Erdés-Frankl-Fiiredi'85) lim,_, F*(('E’{) exists (and determined it for
n
some parameters).

@ (Frankl-Fiiredi’'87) lim, OOF‘(:7r) , Where
( ) limnsee (Y = () mer 710

@ 0 < /< tisthe unique integer s.t. r = t([ﬂ -1)+4+1,

@ m(r,k,?) is Erdés hypergraph matching function, which is the
maximum number of edges of an r-vertex k-graph containing no ¢ +1
pairwise disjoint edges.
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Conjecture of Erdés-Frankl-Fiiredi'85

Consider not necessarily uniform t-cover-free families H C 2ln]

Let N(t) = min{n: 3 t-CFF with > n+ 1 edges}

@ “Trivial” example: singletons form a t-cover-free families with n edges

Question. What is N(t)?
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CFFs rising from affine planes

Definition (Affine plane)

Affine plane of order t 4+ 1, where t + 1 is a prime power, is a point-line
incidence structure (P, L) s.t.

o [P|=(t+1)% |L]=(t+1)2+(t+1)
@ every line contains t + 1 points

@ every point is contained in t + 2 lines

@ every pair of lines intersect in at most one point

o Affine plane of order t + 1 gives a t-CFF (t 4 1)-graph with
(t + 1)-vertices and (t + 1)% + (t + 1) edges

e For prime power t + 1, N(t) < (t + 1)?; for all t — oo,
N(t) < t2 + o(t?).
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Conjecture of Erdés-Frankl-Fiiredi’'85, continued

o Conjecture. (Erd8s-Frankl-Fiiredi'85):

lim¢—o0 % = 1 (weak version) and N(t) > (t+1)? (strong version)

o (Erdés-Frankl-Fiiredi'85) N(t) > 2t + o(t?)

o (S5.-Ge'16) N(t) > 1527}1/%13 > 0.86n2, based on Erdés-Gallai'59
exact formula m(r,2,¢) = max{ (2@1), (5) — (’56)} for r > 20 4 2.
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Union-free r-graphs

o H C (I"l) is t-union-free if for any two distinct subfamilies A, B C H,
with 1 < |A|, |B|] <t, UacuaA # UpepB

@ Observation. t-cover-free = t-union-free = (t — 1)-cover-free

r

@ Bounds via CFF. Q(nl¥1) = Fi(n,r) < Us(n, r) < Fr_1(n,r) = O(n'&T ).

@ Improved bounds
© (Frankl-Fiiredi'86) Ux(n, r) = @(nf4f/37/2)
@ (Fiiredi-Ruszinké'13) n?>=°M) < U,(n,r) = O(n?)

o Conjecture: U,(n, r) = o(n?), no Turdn exponent

© (S-Tamo'20) Q(n#¥1) = Us(n, r), exact Turdn exponent for (t — 1) | r.
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Union-free r-graphs

o H C (I"l) is t-union-free if for any two distinct subfamilies A, B C H,
with 1 < |A|, |B|] <t, UacuaA # UpepB

@ Observation. t-cover-free = t-union-free = (t — 1)-cover-free

r

@ Bounds via CFF. Q(nl¥1) = Fi(n,r) < Us(n, r) < Fr_1(n,r) = O(n'&T ).

@ Improved bounds
© (Frankl-Fiiredi'86) Ux(n, r) = @(nf4f/37/2)
@ (Fiiredi-Ruszinké'13) n?>=°M) < U,(n,r) = O(n?)

o Conjecture: U,(n, r) = o(n?), no Turdn exponent

Q (S.-Tamo'20) Q(n¥1) = U,(n, r), exact Turan exponent for (t — 1) | r.
Q@ (5-Tamo'20) ged(r, t — 1) =1, Q(n"1(log n)%) = Ui(n,r)
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Cancellative r-graphs

o HC ([”]) is t-cancellative if for any t + 2 distinct edges
Ar,... A B, CeM, (U A)UB # (UL A)UC

@ Observation. (t + 1)-cover-free = t-cancellative = “almost”
| £ ]-cover-free

@ Bounds via CFF. Q(nl#@1l) = C(n,r) = O(n[@]).

@ Improved bounds
@ (Tolhuizen'00, Frankl-Fiiredi'84)

828 (" < Ci(n,r) < éj) @)
Q@ (Fiiredi'12) Q(nl)) = Gy(n, r) = O(nl21)

(mod t42)

O (S5.--Tamo'20) Q(ntw2J+ a1 ) = C(n,r) = O(n' AT 1) exact
Turdn exponent for 2 | t and (t/2+1) | r.
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Cancellative r-graphs

o HC ([”]) is t-cancellative if for any t + 2 distinct edges
Ar,... A B, CeM, (U A)UB # (UL A)UC

@ Observation. (t + 1)-cover-free = t-cancellative = “almost”
| £ ]-cover-free

@ Bounds via CFF. Q(nl#@1l) = C(n,r) = O(n[@]).

@ Improved bounds
@ (Tolhuizen'00, Frankl-Fiiredi'84)

S2(0) < Glnr) < (3:) (7)

@ (Fiiredi'12) Q(nlz)) = Cy(n, r) = O(n!31)

O (S5.--Tamo'20) Q(ntw2J+ T ) = Ce(n,r) = O(nl 72711 exact
Turdn exponent for 2 | t and (t/2 +1)r.

Q (5-Tamo'20) ged(2r — [2=E1],t+1) =1,

t+2
(mod t42)

Q( I.t+2J+ 1 (|og n)t+1) = Ct(n, r)
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Sparse r-graphs

o (v, e)-free r-graphs: the union of any e distinct edges contains at
least v + 1 vertices, i.e, for V distinct edges A1, ..., Ae € H,

|Ule:1A/|ZV+1

e Example: Fano plane is (4,2)-free, (5, 3)-free, but not (6,4)-free
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Sparse r-graphs - existence

Lemma (Brown-Erd6s-S6s'73, standard probabilistic construction)

Let s >1,r > 3 and (vi, e) for 1 < i <'s be pairs of integers satisfying
vi>r+1,>2 Let h:=min {<=:1<i<s}. Then there exists an
r-graph with Q(n") edges that is simultaneously (v;, e;)-free for each
1<i<s.
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Lemma ( -Tamo'20, cancellative r-graphs via sparse r-graphs)

V O S X S r— 1!
(tr + x, t + 2)-free + (2r — x — 1,2)-free => t-cancellative.
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Lemma ( -Tamo'20, cancellative r-graphs via sparse r-graphs)

V O S X S r— 1!
(tr + x, t + 2)-free + (2r — x — 1,2)-free => t-cancellative.

o If not t-cancellative, then 3 (U!_;A;)) UB = (U_;A))UC
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Lemma ( -Tamo'20, cancellative r-graphs via sparse r-graphs)

V O S X S r— 1!
(tr + x, t + 2)-free + (2r — x — 1,2)-free => t-cancellative.

o If not t-cancellative, then 3 (U!_;A;)) UB = (U_;A))UC
@ So (BUC)\(BNC)C UL A
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Lemma ( -Tamo'20, cancellative r-graphs via sparse r-graphs)

V O S X S r— 1!
(tr + x, t + 2)-free + (2r — x — 1,2)-free => t-cancellative.

o If not t-cancellative, then 3 (U!_;A;)) UB = (U_;A))UC
@ So (BUC)\(BNC)C UL A
o (2r —x—1,2)-frere = |BNC| < x
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Lemma ( -Tamo'20, cancellative r-graphs via sparse r-graphs)
V O S X S r— 1!
(tr + x, t + 2)-free + (2r — x — 1,2)-free => t-cancellative.

o If not t-cancellative, then 3 (U!_;A;)) UB = (U_;A))UC
@ So (BUC)\(BNC)C UL A
o (2r —x—1,2)-frere = |BNC| < x

@ Therefore

(Ui1A) UBU C| = [ Uiy Al + [(BU C) \ (U1 A))]

<tr+|BnC|
< tr + x,

a contradiction to (tr + x, t + 2)-free.
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Lemma ( -Tamo'20, union-free r-graphs via sparse r-graphs)

r-partite + (tr — r, t)-free + (tr,2t)-free => t-union-free

Chong Shangguan (Shandong University) Some problems in extremal set theory 31 March 2023 17 /19



Lemma ( -Tamo'20, union-free r-graphs via sparse r-graphs)

r-partite + (tr — r, t)-free + (tr,2t)-free => t-union-free

If an r-partite r-graph with vertex parts Vi, ..., V, is (tr — r, t)-free, then
V distinct edges Ai1,..., Ay, i st. AiNVi, ..., ANV, all distinct.
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Lemma ( -Tamo'20, union-free r-graphs via sparse r-graphs)

r-partite + (tr — r, t)-free + (tr,2t)-free => t-union-free

If an r-partite r-graph with vertex parts Vi, ..., V, is (tr — r, t)-free, then
V distinct edges Ai1,..., Ay, i st. AiNVi, ..., ANV, all distinct.

e If not t-union-free, 3 A # B,1 < |A|,|B| < t, s.t. UacaA = UpepB
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Lemma ( -Tamo'20, union-free r-graphs via sparse r-graphs)

r-partite + (tr — r, t)-free + (tr,2t)-free => t-union-free

If an r-partite r-graph with vertex parts Vi, ..., V, is (tr — r, t)-free, then
V distinct edges Ai1,..., Ay, i st. AiNVi, ..., ANV, all distinct.

e If not t-union-free, 3 A # B,1 < |A|,|B| < t, s.t. UacaA = UpepB
o (tr —r,t)-free = |A| = |B| =t
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Lemma ( -Tamo'20, union-free r-graphs via sparse r-graphs)

r-partite + (tr — r, t)-free + (tr,2t)-free => t-union-free

If an r-partite r-graph with vertex parts Vi, ..., V, is (tr — r, t)-free, then
V distinct edges Ai1,..., Ay, i st. AiNVi, ..., ANV, all distinct.

e If not t-union-free, 3 A # B,1 < |A|,|B| < t, s.t. UacaA = UpepB
o (tr —r,t)-free = |A| = |B| =t
o (tr,2t)-free = ANB#0D, |[AnNB|=i>1
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Lemma ( -Tamo'20, union-free r-graphs via sparse r-graphs)

r-partite + (tr — r, t)-free + (tr,2t)-free => t-union-free

If an r-partite r-graph with vertex parts Vi, ..., V, is (tr — r, t)-free, then
V distinct edges Ai1,..., Ay, i st. AiNVi, ..., ANV, all distinct.

If not t-union-free, 3 A # B,1 < |A|,|B| < 't, s.t. UacaA = UpepB
(tr — r,t)-free = |A| = |B| =t

(tr,2t)-free = ANB#0, |[ANB|=i>1
A=1{Ct...,Ci A1, Ak and Bi= {Ci, ..., Ci, By, ..., Be),
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Lemma ( -Tamo'20, union-free r-graphs via sparse r-graphs)

r-partite + (tr — r, t)-free + (tr,2t)-free => t-union-free

If an r-partite r-graph with vertex parts Vi, ..., V, is (tr — r, t)-free, then
V distinct edges Ai1,..., Ay, i st. AiNVi, ..., ANV, all distinct.

o If not t-union-free, 3 A # B,1 < |A|,|B| < t, s.t. UpcaA = UpgepB
o (tr—r,t)-free = |A| = |B| =t

o (tr,2t)-free = ANB#0D, |[AnNB|=i>1

o A ={GC,...,C,Ai11,..., At} and B:={C,...,C, Biy1,..., B},

e Apply Fact to A" := AU{Bj11}\{G}, 31 <, <r such that
ANV, Ae A are pairwise distinct.
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o Cover-free, union-free, cancellative hypergraphs

@ Old bounds:

e t-cover-free = t-union-free = (t — 1)-cover-free
o (t+ 1)-cover-free => t-cancellative => “almost” | 5 |-cover-free

o New bounds:
o r-partite + (tr — r, t)-free + (tr,2t)-free = t-union-free
o (tr + x,t+ 2)-free + (2r — x — 1,2)-free = t-cancellative

@ Questions.
@ Minimum n, s.t. 3 +-CFF # C 2l with |#| > n?
Q@ O max{frl’( ]} = Us(n, r) = O(n'#71), correct exponents?
(3] Q(nLr+2J+ n:idlﬁz)) = G(n,r) = O(n(m]), correct exponents?
@ Maximum cardinality with no size restriction on the edges?
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