











































































































Equiangular lines spherical two distance sets
spectral graph theory

YufeiZhao YuanYaoJonathanTidor taxi t Eike
Zilin Jiang k t f
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t ap KESHA

Based on
arXiv 1907.12466 Equiangularlines inRd

viewedin1123
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Equiangular lines

Nld Max linesinkdpairwise same angle

e.g NIH 3
NG f

decaf cdf e Nd DL Gereon 73

Tangles 7900

as dis














































































































Equiangular lines with a fixed angle

Naldkmax equiangular lines with angle cos'd

some angles are more special

Lemming Seidel Nydd Hd Y fd7l5
Neumann 73 Nald E2d Unless odd

integer

Neumaier 89 Nysld LIld ID Adhd

Next interesting case 2 117

Somedecades later

Bukh'l6 NaldleCad
BallaDrexler
keerash sudakorggkldlfl 93dtdxd.laif Lt 43














































































































Problem determine for each x
him Nald
dno d

Ourwork completely solves this problem
Lemmens.sedNyCd 2fd i V
dsuft.largeNeumaier

89Nygfd LZCd iD
ourresult Nield LEID DI
Thm JTYZZ V integer kid
N tl Lkkld DJVdxdolk

And for other angles Vfixed decal
set 1 1 d f KID2h

spectral radius order

Then
teparameterization

Nald
l ld HVdxd.ca ifkscs
dtold if k o














































































































KIN spectralradiusorder
min k at I k vertex graphG with Hal 1

T
set KH is if such G spectralradius ofG

topeigenvalue
of adjacencymatofG

Examples d X K G
1 3 1 2
115 2 3
47 3 4

1 11252 NZ 3

ftp.Nddd k 7 was conjectured by Jiang Polyanskii

who proved it far 742155 22.058
I G GGCIR o o o o Innummmm

dense

Hoffman72 Shearer89














































































































Spherical two distance sets

A setofunitvectors in Rdwhose innerproducts
take only two values a p

equiangular lines D f
Debate Goethals Seidel 77 maxsizeEIDCd131

Takingmidpointsof a regularsimplex EdtDH
GlazyrinYu98 tight if d77 dd13notoddperfsg

From now on let's consider fixedangles

More generally spherical A code Ach D
Natd Max unit vectors in Rd

whose pairwise inner products lie in A

Equiangular lines in A t a al

We consider Atapl forfixed I t f l O sa s I














































































































Neumeier 81 Napld E2dH unless It c I

Bukh lb Neipunk Odd

BallaDriixler
keevash sudakovggkHYYydyynlldk2klk

H.fthpt.innk

7h dkp st boundtightupto constantfactor

Problem Determine for fixed Kp costrel

timNield
d in d

We conjecturally relate this problem to a

eigenvalues of signed graphs
i

Defn A valid t coloring
1 edges join identicalcolors
edges join distinctcolors

avalid3coloring

GIhas validp coloringkplx inffhfftx.at
Watt x














































































































If G has valid 2 coloring
thenHis isospectralwith its underlyinggraph
Thus HN Kath Hal Hal Nat74

Determining kph 1073 seems hard

Main conjecture on spherical two distance sets
Fix Of pco call Set

A Ifs p181 1
Then

fairy Najd fight d 1 if kishke

Thm JTYZZ conjtrue if pE2 OR AHHHH

kpuH.ie i'kpiatkit.fi craft
2 it put

41,11,1 Kpk 2 KIB Kpk 24074
Ksh Iy Hp72

EL dip I t a peg
Ct HuangPfofsensitivityconj

Kp 3 Napld 3d1011
contrasting Narald should foreganglines


























Unitvectors vi vz WEIRD vi Vj Id Vitj
Associatedgraph rtx IN inj if suing d obtuse

Observation
7 N equiangularlines in Rd with commonangle cos d

IN Vtxgraph Ast XI Aat'zJ is positive semidef
XIII CFAHH and ranked

Grammatrix

RecallGOAL maximize Ngiven A d

construction

startingwith some H with WHA IH Ha
take G H H H H H CNutxtotal



Upperbound on N

N rank AI Aat IJ t null AI Aat IJ

E d null AI Aat IJ

E d null AI Aa I

muttti a eigenvalue multiplicity

Difficultinteresting case to rule out

a large connected G with high mutth G

Note that since AI Aat'zJ is psd
A 1st or 2nd largest eigenvalue of Aa

H A HCG Perron Frobenius muttIX a I

sofocus on the case 7 12

Q Must all connected graphs have
small 2ndeigral multiplicity



Not all graphs can arisefrom equiangular lines

switching operation M u

j my

1hm BaltaDrawer Keerash Sudakov

th 7A can switch G to maxdeg E A

Weprove a new result in spectral graph theory

Thm ETTYZZ A connected n vertex graph
with maxdeg EA has second largest eigenvaluewith multiplicity Oafighign

Near miss examples

Strongly regulargraphs Not bounded
ey complete graphs Paleygraphs degree

IEEE IEEE mutt 0 a linear 0 amiddle eight

O D DD 0 not connected



Open problem Max possible 2ndeigral multiplicity
of a connected bounded degree graph

Interesting to consider restrictions to Ibdddeg
regulargraphs
Cayleygraphs

Example a Cayleygraph on PSLK.pl
gives 2nd eigral multiplicity In

3

Forexpandergraphs muttlkG D Yn
For non expandingCayleygraphs muttlk a OH
Lee Makarycher buildingon Gromov Colding MiniCozzi Kleiner

Recently McKenzie Rasmussen Srivastava
for a connected d reggraph multchG eodfohgioa.nl

Let'sprove

Thm If G is connected nutx maxdegEA
then its 2nd largesteigralhas multiplicity

Oligign



Lem 1 finding a small net
Every connected n rtx graph has
an r net of size fry I t n r

Pf Selectaspanningtree

Lem2 Netremoval significantlyreduces spectral radius

If H G fan r netof G
then WHYeach 1

Pf AIT e AE I entrywise
to check diagonal entries count closed walks

Sufficeto exhibit a closedwalk vO in a riot in H

Lem3 Local versus global spectra
r

IIAilHYE EunHBHHrD v

n
r neighborhood

Pf Il

Yeon'ffhdayalkinott
suchwalks startingat ufnsetg.esTiinY
IuAIIu.rfu
E AlBak r



Tool Cauchy eigenvalue interlacing theorem

Realsymmatrix A ai Then eigenvaluesofADA
interlace

removelastrow R
columnMA

Deleting a vertex cannot reduce nulthG by
more than 1

Proof sketch that mutttxz.cn oln1X AdG 0
easy if co

Let r r tr r cloglogn
E Cloyne

U LucVCG X Bakr At
Ctxwithlarge local spectral radius

If U contains u v with dlu.ir 72rt2

u
r r then G restricted to thesetwo

balls has 72 eigral 7 X Contradiction

Thus VC a krill ball IN E 12 oh

Net removal let Vobe an ri net of G
with Nol E frail by Lem1



Set H G UN

FutVCH
BalurhBHfur
is an ri net of Baker r

r

ByLem 2 theVCH

NBHurd H Bakri I
X l since u U

By Lem3 YENHEEEunNBHt ll

muttaHII Yp if n
mutth H oh

By interlacing nulthG emulthHIHUI114 oh

summary
bound moment by counting closed 2h walks
net removal significantly reduces localclosed 2h walks
relate these via local spectral radii



Spherical 2 dist set unit vectors v untRd
fixed I costal vi Yet c tapl titj

Associated graph G inj it vi Vj p obtuse

switching nolonger valid M u

structure theorem
After deleting 011 vtx G can be
modified into a complete p partitegraph.pt Hwhere 041 edges are addedfemovedateachutx
041rt

bounded take bdaffredeed

indifferent
codebffendbeeffreen complement edges bodemyrdeeed

Ml RR parts btwnparts
edges

R TE f togetsigned R I
graph

Wewouldbe able to onceed the same as eg anglines
it all such signedgraphs have mwtttxpn.at oh

Butthis is not true



7 Git signed graph
bn vertices
maxdeg5
has a valid3 coloring

But largest eigral appears

GE with multiplicity n

But there is still hope

Ourstructure theorem actually gives additional
forbidden subgraphs not mentioned above

To solve the spherical 2 dist set problem
for A Tfs p L f I t l it suffices to
Determine

kph inffhuffy a G has validp coloring HGH f
Give a sufficiently good linear upper bound
on muttftp.n.GH for certain classes of
signed graphs a given by forbidden subgraphs



Next interesting case 1 2 we solved1415541

Paleygraphoforder9 Clebsch graph
KID sky 141211


