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Motivations FAS problem CM digraphs

Sports tournament

ranked
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Find a ranking of all n teams (players) that minimizes # upsets,
where an occurs if a higher ranked team (player) was actually
defeated by a lower ranked team (player).
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Motivations FAS problem CM digraphs

Sports tournament

Find a ranking of all n teams (players) that minimizes # upsets,
where an upset occurs if a higher ranked team (player) was actually
defeated by a lower ranked team (player).

Digraph G is called a tournament if there is precisely one arc between
any two vertices in G, indicating the head was defeated by the tail.
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Motivations FAS problem CM digraphs

Find a ranking of all n teams (players) that minimizes # upsets,
where an upset occurs if a higher ranked team (player) was actually
defeated by a lower ranked team (player).

Digraph G is called a tournament if there is precisely one arc between
any two vertices in G, indicating the head was defeated by the tail.
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Motivations FAS problem CM digraphs

Ranking with no upsets

Find a ranking of all n teams (players) that minimizes # upsets,

where an upset occurs if a higher ranked team (player) was actually
defeated by a lower ranked team (player).

A tournament has a ranking with no upset if and only if it is acyclic,
1.e., has no directed cycles.
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Motivations FAS problem CM digraphs

Ranking with minimum # upsets

Find a ranking of all n teams (players) that minimizes # upsets,
where an upset occurs if a higher ranked team (player) was actually
defeated by a lower ranked team (player).

This problem can be rephrased as the minimum feedback arc set
problem on tournament G.
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Motivations FAS problem CM digraphs

Minimum FAS problem

Find a ranking of all n teams (players) that minimizes # upsets,
where an upset occurs if a higher ranked team (player) was actually
defeated by a lower ranked team (player).

@ A subset F of arcs is called a feedback arc set (FAS) of G if G\ F
contains no (directed) cycles.

@ The minimum FAS problem is to find an FAS in G with a
minimum number of arcs.
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Motivations FAS problem CM digraphs

Minimum FAS problem

Find a ranking of all n teams (players) that minimizes # upsets,
where an upset occurs if a higher ranked team (player) was actually
defeated by a lower ranked team (player).

@ A subset F of arcs is called a feedback arc set (FAS) of G if G\ F
contains no cycles (directed).

@ The minimum FAS problem is to find an FAS in G with a
minimum number of arcs.
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Motivations FAS problem CM digraphs

Minimum FAS problem

size of min FAS
|
Find a ranking of all n teams (players) that minimizes # upsets,

where an upset occurs if a higher ranked team (player) was actually
defeated by a lower ranked team (player).

@ A subset F of arcs is called a feedback arc set (FAS) of G if G\ F
contains no cycles (directed).

@ The minimum FAS problem is to find an FAS in G with a
minimum number of arcs.
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Motivations

Voting

FAS problem CM digraphs

Rank any number of
options in your order
of preference.
Joe Smith
1! John citizen
Jane Doe

‘ Fred Rubble

2‘ Mary Hill

Let G = (V,A) be a digraph with a nonnegative integral weight w(e)

on each arc e.
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Motivations FAS problem CM digraphs

Voting

Rank any number of
options in your order
of preference.

Joe Smith

1! John citizen

j Jane Doe
‘ Fred Rubble

2‘ Mary Hill

Let G = (V,A) be a digraph with a nonnegative integral weight w(e)
on each arc e.

The minimum-weight FAS problem (FAS problem) is to find an FAS
in G with minimum total weight < a rank with a min amount of upset.
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Motivations FAS problem CM digraphs

FAS problem on tournaments

The FAS problem on tournaments (FAST)
@ Borda count (1770, 1781)
@ Condorcet method (1785)

@ arich variety of applications in sports, databases, and statistics ...
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Motivations FAS problem CM digraphs

FAS problem on tournaments

The FAS problem on tournaments (FAST)
@ Borda count (1770, 1781)
@ Condorcet method (1785)

@ arich variety of applications in sports, databases, and statistics ...

Alon (2006) & Charbit et al. (2007): FAST is NP-hard even in the
unweighted case.

Mathieu/Schudy (2007): “rank with few errors”, i.e,, a PTAS
(polynomial time approximation scheme) for FAST.
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Motivations FAS problem CM digraphs

FAS problem on tournaments

The FAS problem on tournaments (FAST)
@ Borda count (1770, 1781)
@ Condorcet method (1785)

@ arich variety of applications in sports, databases, and statistics ...

Alon (2006) & Charbit et al. (2007): FAST is NP-hard even in the
unweighted case.

Mathieu/Schudy (2007): “rank with few errors”, i.e,, a PTAS
(polynomial time approximation scheme) for FAST.

Question
When can FAST be solved exactly in polynomial time?
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Motivations Resalts Proofs Conclusion FAS problem CM digraphs

FAS problem on tournaments

The FAS problem on tournaments (FAS'T)
@ Borda count (1770, 1781)
@ Condorcet method (1785)

@ arich variety of applications 1n sports, databases, and statistics ...

Alon (2006) & Charbait et al. (2007): FAST 1s NP-hard even in the
unweighted case.

Mathieuw/Schudy (2007): “rank with few errors”, 1.e,, a PTAS
(polynomial time approximation scheme) for FAS'T.

Question

When can FAST be solved exactly in polynomial time?
< Which tournaments can be ranked with no errors?
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Motivations FAS problem CM digraphs

Cycle packing

Given digraph G = (V,A) and arc weight w € 7/,

@ A collection & of cycles (with repetition allowed) in G is called
a cycle packing of G if each arc e is used at most w(e) times by
members of & .

@ The cycle packing problem consists in finding a cycle packing
with maximum size,

all black arcs
have weight 1
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Motivations

Cycle packing

FAS problem CM digraphs

Given digraph G = (V,A) and arc weight w € 7/,

@ A collection & of cycles (with repetition allowed) in G is called
a cycle packing of G if each arc e is used at most w(e) times by

members of & .

@ The cycle packing

problem consists in finding a cycle packing

with maximum size,

all black arcs
have weight 1

@ Thejcycle packing

problem is the dual of the FAS problem.
cycle covering
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Motivations Resualts Proofs Conclusior FAS problem CM digraphs

Max cycle packing vs. min FAS

Given digraph G = (V,A) and arc weight w € 74 ,

@ A collection # of cycles (with repetition allowed) in G is called
a cycle packing of G if each arc e is used at most w(e) times by
members of %

@ The cycle packing problem consists in finding a cycle packing
with maximum size,

@ The cycle packing problem is the dual of the FAS problem.

V,,(G) = the maximum size of a cycle packing in (G, w),
7,,(G) = the minimum total weight of an FAS in (G, w).

| ¥(6) < 5,(G)]
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Motivations Resul FAS problem CM digraphs

Cycle Mengerian dlgraphs

Given digraph G = (V,A) and arc weight w, let v,.(G) be the
maximum size of a cycle packing, and let 7,,(G) be the minimum total
weight of an FAS. Then

¥%lG) € 5:(G],

We call G cycle Mengerian (CM) if v,,(G) = 71,,(G) for every
nonnegative integral function w defined on A.

V(6)=0=TEp) Yu(@)=3= (,w(G)
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Motivations FAS problem CM digraphs

CM digraphs

A characterization of CM digraphs can yield not only a beautiful
minimax theorem but also a polynomial-time algorithm for the FAS
problem on such digraphs [Grotschel/Lovasz/Schrijver,1981]

@ Lucchesi/Younger (1978): plane digraph

@ Seymour (1977, 1996): matroid, Eulerian digraph

@ Geelen/Guenin (2002): odd circuits in Eulerain graph
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Motivations FAS problem CM digraphs

CM digraphs

A characterization of CM digraphs can yield not only a beautiful
minimax theorem but also a polynomial-time algorithm for the FAS
problem on such digraphs [Grotschel/Lovasz/Schrijver,1981]

@ Lucchesi/Younger (1978): plane digraph

@ Seymour (1977, 1996): matroid, Eulerian digraph

@ Geelen/Guenin (2002): odd circuits in Eulerain graph

Despite tremendous research efforts, only some special classes of CM
digraphs have been identified to date.

A complete characterization seems extremely hard to obtain.
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Results Characterization Structures

Results

Xuijin Chen (Chinese ad of Sciences anki ‘ with No Errors



Results Characterization Structures

CM digraphs

Let D5 be the digraph obtained from K5 by replacing each edge ij with
a pair of opposite arcs (i,j) and (j,i).

K Ds

Applegate et al. (1991), Barahona et al. (1994) proved that

Ds is CM |

thereby confirming a conjecture posed by both Barahona/Mahjoub
(1985) and Jiinger (1985).
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Results Characterization Structures

CM tournaments

Let D5 be the digraph obtained from K5 by replacing each edge ij with
a pair of opposite arcs (i,j) and (j,i).

every orientation of K5 Ds

Applegate et al. (1991), Barahona et al. (1994) proved that

Ds 1s CM <:>[Every tournament with five vertices is CM]

thereby confirming a conjecture posed by both Barahona/Mahjoub
(1985) and Jiinger (1985).
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Results Characterization Structures

Mobius-free tournaments

A tournament 1s called Mobius-free if it contains none of K3 3, Kg G
Ms, and M5 a subgraph.

!
K Kj

M M;
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Results Characterization Structures

Mobius-free tournaments

A tournament 1s called Mobius-free if it contains none of K3 3, Kg G
Ms, and M5 a subgraph.

/
K33 K33

M M;

These forbidden structures are all Mobius ladders.
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ng Results Proofs Co ! Characterization Struchires

Characterization of CM tournaments

A tournament 18 called Mobius-free 1f it contains none of K3 3, Kg 3>
M5, and M: a subgraph.

M;s
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Results Proofs Conchisior Characterization Struchires

Necessity of Mobius-freeness

A tournament is CM only if it is Mobius-free.
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ng Results Proofs Concliasior Characterization Struchires

Necessity of Mobius-freeness

A tournament is CM only if it is Mobius-free.

Mg

None of these Mobius ladders 1s CM.
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Resulls Characlerization Struclures

Observation
None of these Mobius ladders 1s CM.
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Resulls Characlerization Struclures

Necessity of Mobius-freeness

Observation
None of these Mobius ladders 1s CM.
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Results 1 Conclus Characterization Structures

Necessity of Mobius-freeness

A tournament is CM only if it is Mobius-free.

Let T be a tournament containing D € {K33,Kj 5, M5, Mz }.
Define w(e) = 1 if e € A(D) and w(e) = 0 otherwise.
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Results 1 Conclus Characterization Structures

Necessity of Mobius-freeness

A tournament is CM only if it is Mobius-free.

Let T be a tournament containing D € {K33,Kj 5, M5, Mz }.
Define w(e) = 1 if e € A(D) and w(e) = 0 otherwise.

BulT) :‘f.c(D) D] = vw(‘;")
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ng Results Proofs Cor ! Characterization Struchires

Sulfficiency of Mobius-freeness

Theorem (C, DING, ZANG, ZHAO, JCTB 2020)
A tournament is CM it it is Mobius-free.

@ structural description of all Mdbius-free tournaments

@ linear programming approach, combinatorial optimization i1deas
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ng Results Proofs Cor ! Characterization Struchires

Sulfficiency of Mobius-freeness

Theorem (C, DING, ZANG, ZHAO, JCTB 2020)
A tournament is CM if it is Mobius-free.

e structural description of all strong' Mobius-free tournaments

@ linear programming approach, combinatorial optimization 1deas

LA digraph is strongly connected or strong if each vertex is reachable from each
other vertex.

Xuiin Chen (Chinese Academy ¢ nces) Rankine Tournaments with No Errors



Results  Pro

Characterization Structures

Structure Theorem (C, DING, ZANG, ZHAO, JCTB 2020)

Let T be a strong Mobius-free tournament with > 3 vertices. Then

o either 7 € {F,,G,}
@ or 7T can be obtained by repeatedly taking 1-sums starting from

the tournaments in .7] := 9 \ {F,G }.

A

Fu

I

Fs

, |

F,

G

M i
" l@q\
v (8 t
B2 |
g Gz
I.L

_/
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., Results Pro Conclusion Characterization Structures

Near source, near sink, special arc

Let G = (V,A) be a digraph.
@ Vertex v 1s a near-source of G if its in-degree d(_;(v) — ],and a
" . L W _|_ [
near-sink if its out-degree d /. (v) = 1.
@ Arc e = uv is called special if either u 1s a near-sink or v is a
near-source of G.

near source

special

special

near sink

Xuiin Chen (Chinese Academy of Sciences) Rankine Toumameoents with No Lrrors



< Results P Cong Characterization  Structurcs

Let 7) = (Vy,A;1) and T> = (V5,A>) be two tournaments. Suppose

@ both 77 and 75 are strong, with |V;| > 3 fori=1,2;
@ (aj,by) is aspecial arc of T with dr, (a1) = 1 (near-sink);
@ (by,ay) is a special arc of T, with dr, (ap) = 1 (near-source).

[)1 ()g
Tl TZ
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< Results P Cong Characterization  Structurcs

Let 7) = (Vy,A;1) and T> = (V5,A>) be two tournaments. Suppose
@ both 7 and T are strong, with |V;| > 3 fori=1,2;
@ (aj,by) is aspecial arc of T with dr, (a1) = 1 (near-sink);
@ (by,ay) is a special arc of T, with dr, (ap) = 1 (near-source).

i

T; hub of the 1-sum

The 1-sum of T, and T over (a;,b;) and (b;,a;) is the tournament
arising from the disjoint union of 77 \a; and 7> \a; by

@ identifying b; with by (to form a hub vertex b), and
@ adding all arcs from Ty \{a,b,} to To\{aa,b>}.
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Characterization  Structurcs

Let G = (V,A) be a digraph.

@ A dicut of G is a partition (X, Y) of V such that all arcs between
X and Y are directed to Y.
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Characterization  Structurcs

Let G = (V,A) be a digraph.
@ A dicut of G is a partition (X, Y) of V such that all arcs between
X and Y are directed to Y.

A o
':\ X l__’_‘ Y \: [\ X ;I
A \

@ G i1s called weakly connected if its underlying undirected graph
is connected, and is called strongly connected or strong if each
vertex i1s reachable from each other vertex.

A weakly connected digraph G 1is strong iff G has no dicut.
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s Results | v C ‘ Characterization  Structures

Internally strong, i2s digraphs

dicut trivial di__c_:ut tri_yial dicut

(X 31 Y | 4.“ X
w——w 4 2

Let GG be a weakly connected digraph.

P

@ G i1s strong if G has no dicut.

@ G is internally strong if every dicut of G 1s trivial.
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s Results | v o ‘ Characterization  Structures

Internally strong, i2s digraphs

dicut trivial dicut trivial dicut
. e 4“ LX)
N e 4 4 )
Let G be a weakly connected digraph.
@ G i1s strong if G has no dicut.
@ G is internally strong if every dicut of G 1s trivial.
@ G is internally 2-strong (i2s) if

- ( is strong, and
- G\v is internally strong for every vertex v.

Internally strong
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Results Characterization Structures

Mobius-free i2s tournaments

Theorem (C, DING, ZANG, ZHAO, JCTB 2020)

Let T be an i2s tournament with at least 3 vertices. Then T is
Mobius-free iff T € 7 = {C3,F(),F1,FQ,F3,F4,G1,G2,G3}.

-

(3 (3% (% (W
Cs Fy Fy, F>, F3 Fy G,
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Results Characterization Structures

Mobius-free i2s tournaments

(%1 V2

V4 U3
C3 FO

Figure: Strong tournaments with three or four vertices.

U1 Us
A -
‘ V1
() VU3 U3
F 3 F. 4

Figure: Viva,vsvy € F1; vovy,vivs € Fp; vovy,v5v) € F3.
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Results Characterization Structures

Mobius-free i2s tournaments

Vg

Vo (1

U3 Us

V4

G

Figure: vgv4 € G, and v4ve € G3.

Xujin Chen (Chinese Academy of Sciences Rankine Tournaments with No Errors



Results PProofs Conclusio Charactcrization Structures

Mobius-free strong tournaments

“Structure Theorem

Let T be a strong Mdobius-free tournament with > 3 vertices. Then
@ either 7 ¢ {Fl,Gl}
@ or 7' can be obtained by repeatedly taking 1-sums starting from
the tournaments in 7] := Z\ {F1.G }.

A KR
k (28 I By I, Iy I (&N Ca, Gig /

Let T be an i2s tournament with at least 3 vertices. Then T is
M(')’bius-free iff T € .9, = {Cg,.F(),,F] Jo, B3, Fy, Gy, G, G3}
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Proofs [-sums Chain theorem Structural description Min-max relation
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Proofs Coi 10 1-sums Chain thcorem  Structural description Min-max relation

¢ hub of the 1-sum

7AN
o
-




t«  Proofs |

Properties of 1-sums

1-sums Chain thcorem  Structural description Min-max relation

Let T be a strong tournament. If T is not i2s, then T is the I1-sum of
two smaller strong tournaments.

Since T is not i2s, it contains a vertex » such that 7\b has a nontrivial
dicut (X,Y)...

hub of the 1-sum

Xujin Chen (Chinese Academy of Sciences
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Proofs Conclu l-sums Chain theorem  Structural description  Min-max relation

Properties of 1-sums

Let T be the 1-sum of two tournaments T\ and T>.
Then T is Mobius-free iff both Ty and T> are Mobius-free.

(ﬁ U

1-sum does not create (destroy) forbidden subgraphs.

DD D

Figure: Forbidden subgraphs for Mobius-free tournaments.

b I

. hub ofthe 1-sum
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Proofs Conclusior l-sums Chaintheorem Stractural description Min-max relation

A quick proof for - strong tournaments

Structure Theorem

Let 7 be a strong Mobius-free tournament with at least 3 vertices.
Then either T € {F7, Gy} or T can be obtained by repeatedly taking
1-sums starting from the tournaments in 77 := 9 \ {F1, Gy |.

@ If 7 1sn’t i2s, then 7 is 1-sum of 2 smaller strong tournaments.

@ [f 7" 1s the 1-sum of two tournaments 77 and 7>, then
7 1s Mobius-free iff both 7 and 75 are Mobius-free.
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nlts Proofs Concliasion 1-sums Chaintheorem Structural description Min-max relation

A quick proof for strong tournaments

Structure Theorem

Let 7" be a strong M&bius-free tournament with at least 3 vertices.
Then either T € {F7, Gy} or T can be obtained by repeatedly taking
1-sums starting from the tournaments in 77 := 9 \ {F1, Gy |.

@ If 7 1sn’t i2s, then 7 is 1-sum of 2 smaller strong tournaments.

@ [f 7" 1s the 1-sum of two tournaments 77 and 7>, then
7 1s Mobius-free iff both 7 and 75 are Mobius-free.

Observation

Either 7 1s 12s tournament that 1s Mobius-free;
Or T can be obtained by repeatedly taking 1-sums starting from
12s tournaments that are Mobius-free.
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Proofs Conclusior 1-sums Chaintheorem Structural description Min-max relation

A quick proof for strong tournaments

Theorem

Let 7 be an i2s tournament with at least 3 vertices. Then 7' 1s
Mobius-free ift 7 € & := {C3?F0,F1?F2,F3,F4, Gy GQ,Gg}.

Rankine Tournaments with No Errors



Proofs Conclusior 1-sums Chaintheorem Structural description Min-max relation

A quick proof for strong tournaments

Theorem

Let 7 be an i2s tournament with at least 3 vertices. Then 7' 1s
Mobius-free ift 7 € & := {C3?F0,F1?F2,F3,F4, Gy GQ,Gg}.

@ Neither £1 nor G contains a special arc.

U6

’\ v v

Uy U3 Vg
F 1 G!1




s Proofs Conclusion 1-sums Chaintheorem Structural description Min-max relation

A quick proof for strong tournaments

Theorem

Let 7 be an i2s tournament with at least 3 vertices. Then 7' 1s
Mobius-free ift 7 € & := {Cg?Fo,Fl?FQ?Fg,F% Gy GQ?G:S}.

@ Neither £1 nor G contains a special arc.

@ Each tournament in 77 = 9 \ {F1, G} is the 1-sum of triangle
and 1tself.
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nlts Proofs Conclusion 1-sums Chaintheorem Structural description Min-max relation

A quick proof for strong tournaments

Theorem
Let 7' be an i2s tournament with at least 3 vertices. Then T 1s

Mobius-free ift 7 € & := {Cg?Fo,Fl?FQ?Fg?F% Gy GQ?GS}.

@ Neither £1 nor G contains a special arc.

@ Each tournament in 77 = 9 \ {F1, G} is the 1-sum of triangle

and itself.

Corollary

Let T be an i2s tournament with at least 3 vertices. Then T is
Mobius-free if and only if either T € {F1,G1} or T can be obtained
by repeatedly taking 1-sums starting from the tournaments in 7.

Rankine Tournaments with No Errors
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s Proofs Conclusion 1-sums Chaintheorem Structural description Min-max relation

A quick proof for strong tournaments

Observation

Let T be a strong Mobius-free tournament with at least 3 vertices. Then
either 7 is i2s tournament that is M&bius-free; or 7' can be obtained by
repeatedly taking 1-sums starting from i2s tournaments that are M&bius-free.

+

Corollary

Let T be an i2s tournament with at least 3 vertices. Then T is Mobius-free if
and only if either T' € {F;,G} or T can be obtained by repeatedly taking
1-sums starting from the tournaments in 7.
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nlts Proofs Conclusion 1-sums Chaintheorem Structural description Min-max relation

A quick proof for strong tournaments

Observation

Let T be a strong Mobius-free tournament with at least 3 vertices. Then
either 7' is i2s tournament that is M&bius-free; or 7' can be obtained by
repeatedly taking 1-sums starting from i2s tournaments that are M&bius-free.

+
Corollary
Let T be an i2s tournament with at least 3 vertices. Then T is Mobius-free if

and only if either T' = {F,G, } or T can be obtained by repeatedly taking
1-sums starting from the tournaments in 7.

Structure Theorem

Let T be a strong Mobius-free tournament with at least 3 vertices. Then
either 7' = {F,G; } or T can be obtained by repeatedly taking 1-sums
starting from the tournaments in .77 := 9\ {F1,Gq }.
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Proofs Chain theorem

Chain theorem

|
I
§
0
e
%
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Proofs [-sums Chain theorem Structural description Min-max relation

A chain theorem

Every i2s tournament 7= (V,A) with |V| > 5 can be constructed
from {F,F,,F3,F4,Fs} by repeatedly adding vertices such that all
the intermediate tournaments are also i2s.

N \I w
‘ F\, F>, F3 F:3F5
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Chain theorem

l-sume Chaintheorem Structural description Min-max relation

Chain Theorem (C, DING, ZANG, ZHAO, JCTB 2020)

Let 7= (V,A) be an i2s tournament with |V| > 3. It holds that

o If
o If
o If
o If

1 & {F4?F5};
@ If |V| > 7, then T has a vertex z such that 7\ z remains to be i2s.

-
.
v
i

— 3, then 7' = C;;

— 4, then T = F;

= 5,then T € {F1,F>,F3};

= 6, then either T has a vertex z with T'\z € {F1,F,F3} or

2a\)} “‘“
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Proofs [-sums Chain theorem Structural description Min-max relation

Small i2s tournaments

Lemma

Let T = (V,A) be a strong tournament with |V| € {3,4}.
@ If|V|=3, then T is Cs;
@ If|V| =4, thenT is F\.

(So T is strong iff it is i2s.)

(% V2

V4 U3

Cs Fy

Figure: Strong (i2s) tournaments with three or four vertices.
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Proofs [-sums Chain theorem Structural description Min-max relation

Small i2s tournaments

Let T be an i2s tournament with 5 vertices. Then T € {F,F,,F3}.

/L’l
Uy U3
Fla F29 F3

Figure: vivy,vsv) € F1; vavy,v1vs € Fp; vovy,vsv) € F3.
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Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments

Let T = (V,A) be an i2s tournament with |V| > 6 and T ¢ {F4,Fs}.
Then T contains a vertex z such that T\z remains to be i2s.

Vs Vs
Vg U4
Vg > %) Vg ~a U2
(23] (3]
U3 U3
F 4 F: 5
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Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments

Let T = (V,A) be an i2s tournament with |V| > 6 and T ¢ {F4,Fs}.
Then T contains a vertex z such that T\ z remains to be i2s.

By contradiction, let (7';x,y) with x,y € V(T) be a counterexample

such that
(1) T\xis strong@while T\{x,y} is not internally strong;
(2) subject to (1), letting (A1,A2,...,A,) be the strong partition of

T\{x,y}, A contains an out- nelghborx of x; and

Ao v

(3) subject to (1) and (2), the tuple (|A{]|,|Az],...,|A,|) is minimized
lexicographically.

Xujin Chen (Chinese Academy of Sciences Rankine Tournaments with No Errors



Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments

12s tournament = strong tournament = Hamilton cycle
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Proofs Conclus [-sums Chain theorem Structural description Min-max relation

Bigger i2s tournaments

12s tournament = strong tournament = Hamilton cycle

Lemma

Let T = (V,A) be a strong tournament and let x,y € V be distinct.
Then at least one of the following holds.

@ There exits z € V\ {x,y} such that T\z is still strong,

@ T has a Hamilton path between x and y such that the remaining
arcs are all backward.
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Proofs Conclusion I-sums Chain theorem Structural description Min-max relation

Bigger i2s tournaments

Lemma

Let T = (V,A) be a strong tournament and let x,y € V be distinct.
Then at least one of the following holds.

@ There exits z € V\ {x,y} such that T\z is still strong,

@ T has a Hamilton path between x and y such that the remaining
arcs are all backward.

2N T

x(y) y(x)

Let T = (V,A) be a strong tournament with |V| > 4 and let x be a
vertex in T. Then there exists a vertex z # x such that T\z is strong.
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Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments

Let T = (V,A) be an i2s tournament with |V| > 6 and T ¢ {F4,Fs}.
Then T contains a vertex z such that T\ z remains to be i2s.

By contradiction, let (7';x,y) with x,y € V(T) be a counterexample
such that

(1) T\x is strong while T\ {x,y} is not internally strong;

Xujin Chen (Chinese Academy of Sciences Rankine Tournaments with No Errors



Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments

Let T = (V,A) be an i2s tournament with |V| > 6 and T ¢ {F4,Fs}.
Then T contains a vertex z such that T\ z remains to be i2s.

By contradiction, let (7';x,y) with x,y € V(T) be a counterexample
such that

(1) T\x is strong while T\ {x,y} is not internally strong;

(2) subject to (1), letting (A,As,...,A,) be the strong partition of
T\{x,y}, A| contains an out-neighbor x’ of x; and

@@

3) ...
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Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments

T \y is internally strong = its strong partition (By,...,B,) satisfies
g <3 and
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Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments

T\ y is internally strong = its strong partition (B, . ) satisfies
g <3 and
0 <0-G A‘~m
q=1 q=2 q=3

If g =3, then T contains a vertex z such that 7'\ z remains i\Zy
He ame olone !

%3?661'?2,23516 \Z 5 ytmﬁ,ﬁwﬂ T2 # 42§
Q) Tt By har o, Hwas Mom, potly L0ttt R, omd 3u 5.5 e somasnity arcs of be ot
. bakwaios

R Affi,wmlyz,y/}rwhbwfgt m B,
zz z={

2, dbrusle
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Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments

T \y is internally strong = its strong partition (By,...,B,) satisfies
g <3 and

If g =3, then T contains a vertex z such that 7'\ z remains i2s.
Sog <2, and

Otferuse §=3
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Proofs [-sums Chain theorem Structural description Min-max relation

Bigger 12s tournaments
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of [A|| =1

,4“6“'{"% A s W’y/

If |A| >3 (i.e., |A1| # 1), then, since T is i2s,

i e 2’//://1/} Zhe WW ambwjuﬁ % X end ? .
g

7 x
Sime Tx' A /Wml? ﬁ‘rz%_& AnA fog wo mmy s, s st be +he ceasl
thel ANK(S| = [A1<2, o cotrashction
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of |A| =1

If |A;| >3 (i.e., |A1| # 1), then, since T is i2s,

As G|A,] is strong,
for any distinct x’,y’ € Ay, at least one of the following holds:
» There exits z € A} \ {x',)’} such that G[A;]\z is still strong,

» GJ[A;]| has a Hamilton path between x" and y’ such that the
remaining arcs are all backward.
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of |A| =1

If [A| > 3 (ie.,

Ay| # 1), then, since T is i2s,

As G|A,] is strong,
for any distinct x’,y" € Ay, at least one of the following holds:
» There exits z € A} \ {x',y’} such that G[A;]\z is still strong,

» GJ[A] has a Hamilton path between x” and y’ such that the
remaining arcs are all backward.

We can find z € A} \ {x’,y'} such that T'\ z is strong.
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of |A| =1

If |[A| >3 (i.e., |A;| # 1), wecanfind z € Ay \ {x',y'} such that T'\ 7
1S strong.

T\ zis i2s.
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of |A| =1

If |[A| >3 (i.e., |A;| # 1), wecanfind z € Ay \ {x',y'} such that T'\ 7
1S strong.

T\ zis i2s.

Otherwise, T\ {z,w} is not internally strong for some w.
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of |A| =1

If |[A| >3 (i.e., |A;| # 1), wecanfind z € Ay \ {x',y'} such that T'\ 7
is strong. Whom p=2,

k Ty intor-stromy,
4 has an m-afhbrs % m

ety kYo i Ay

x whon 933 8 xhis no ,»/ncf/ﬁm Ap.

“'_?//41?[:/& X hes Mm—/ley’/éﬂ I;”Af_[
T\ zis i2s.

Otherwise, T\ {z,w} is not internally strong for some w.

It follows that
4)_.

» eitherw € A, [ B L
w'd U Ap )X, (2,0 Mer/sﬁmg/
>orweA1\{Z}V 122 77)3 ?S [\ 3ﬁ/5/
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of |A| =1

If |[A| >3 (i.e., |A;| # 1), wecanfind z € Ay \ {x',y'} such that T'\ 7
1S strong.

T\ zis i2s.
Otherwise, T\ {z,w} is not internally strong for some w.
It follows that

> eitherw € A,

» orw e A\ {z}

In either case, T\ {z,w} contradicts the lexicographical minimality of
(A1l [Az], ... |Ap])-
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Proofs [-sums Chain theorem Structural description Min-max relation

A ={a1}
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Proofs [-sums Chain theorem Structural description Min-max relation

A ={a1}

Ay ={ar}
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Proofs [-sums Chain theorem Structural description Min-max relation

In-neighbors of a,

At least one of (x,a;) and (y,a;) is an arc in 7.
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Proofs [-sums Chain theorem Structural description Min-max relation

In-neighbors of a,

At least one of (x,a;) and (y,a;) is an arc in 7.

| | m | ] Or | | | ] "
Otherwise
an
al —’— I ]
x y
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Proofs [-sums Chain theorem Structural description Min-max relation

In-neighbors of a,

At least one of (x,a;) and (y,a;) is an arc in 7.

Otherwise

Contradiction: 7'\ a; is i2s.
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Proofs [-sums Chain theorem Structural description Min-max relation

In-neighbors of x

Let k be the largest subscript such that A; contains an in-neighbor of x
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of k =3

Assume: k # 3.
If k <2, then, since 7'\ y is internally strong,
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of k =3

Assume: k # 3.
If k <2, then, since 7'\ y is internally strong,

So k > 4.
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of k =3

Assume: k # 3.

T\ z is i2s for some 7
» When |A,| > 3, arbitrary z € A3;
» When |A,| =1 and p > 5, if A3 contains an out-neighbor of y,
then z = ay, otherwise arbitrary z € As;
> When |A,| = 1 and p = 4, if |A3] > 3, then z € A3 (s.t. A3\ {2}
contains some in-neighbor of x or y), otherwise 7" = Fs.
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Proofs [-sums Chain theorem Structural description Min-max relation

Size of the partition

whons 933 & X his 1o ,»/%/WMA,?, =3

%Mw:/& o hao aa pr-spiphher w Ay, — {)Szﬁ
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of p =4

Assume: p #4. Then p =3
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of p =4

Assume: p #4. Thenp =3

e If all vertices in A3 are in-neighbors of both x and y, then 7'\z is
i2s for any z € A3
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof of p =4

Assume: p #4. Then p =3

e If all vertices in A3 are in-neighbors of both x and y, then 7'\z is
i2s for any z € A3

e Otherwise, T\ a; is i2s.
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Proofs [-sums Chain theorem Structural description Min-max relation

Contradiction

@ If |A3| > 3, then T'\ z is i2s for some z € A3;
@ Otherwise (i.e., |A3| = 1), T = Fy.

U4

Vg 2 V2
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Proofs 0N l-sums Chain theorem  Structural description Min-max relation

Structures of i2s Mobius-free tournaments

I '3 ™" 2
L5
2y
s 1
v .
A -

L (3% I U 5] iy

Cy Fy Iy T, Iy 7 Gy
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof for i2s Mobius-free tournaments

Theorem (C, DING, ZANG, ZHAO, JCTB 2020)

Let T = (V,A) be an i2s tournament with at least 3 vertices. Then T is
Mb'bius-free Uﬁl‘T = % = {C37F07F17F27F37F47G17G27G3}‘

v v3 3 )
Cg E) Fl.Fg.Fg F4 Gl

“if”” part: Every tournament in .7 is i2s and Mobius-free.
“only if”’ part: By the chain theorem, ...

Xujin Chen (Chinese Academy of Sciences Rankine Tournaments with No Errors



Proofs Conclus [-sums Chain theorem Structural description Min-max relation

Proof for i2s Mobius-free tournaments

Theorem (Chain theorem)

Let T = (V,A) be an i2s tournament with |V| > 3. It holds that

o If
o If
o If
° If

e {F47F5};
@ If|V| >, then T has a vertex z such that T\z remains to be i2s.

4
Vv
Vv
4

=3, then T = C3;

=4, then T = Fy,

=5,then T € {F,F>,F3};

= 6, then either T has a vertex z with T\z € {F1,F,F3} or

o

M1 Us
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Proofs Conclus [-sums Chain theorem Structural description Min-max relation

Proof for i2s Mobius-free tournaments

o If
o If
° If
° If

e Fu Es
@ If|V|>71, then T has a vertex z such that T\z remains to be i2s.

4
4
4
V

Theorem (Chain theorem)

Let T = (V,A) be an i2s tournament with |V| > 3. It holds that

=3, then T = Cs;

=4, then T = Fy;

=5,thenT € {F1,F3,F3};

= 6, then either T has a vertex z with T\z € {F1,F,F3} or

F5 1s not Mobius-free.
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof for i2s Mobius-free tournaments

Let 7 be an 12s MoObius-free tournament. An valid extension of 7" is an
i2s Mobius-free tournament 7”7 s.t. 7"\ v = T for some vertex v of T’

Initially, we only need consider valid extensions of F'y, F», F3, Fy.
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof for i2s Mobius-free tournaments

Let 7 be an i2s Mobius-free tournament. An valid extension of 7" is an
i2s Mobius-free tournament 7”7 s.t. 7"\ v = T for some vertex v of T’
Initially, we only need consider valid extensions of F'y, F», F3, Fy.

@ F has only one valid extension, i.e., Gy;

@ F» has no valid extension;

@ [’3 has only two valid extensions, 1.e., G and G3;

@ F4 has no valid extension.
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Proofs [-sums Chain theorem Structural description Min-max relation

Proof for i2s Mobius-free tournaments

Let 7 be an 12s MoObius-free tournament. An valid extension of 7" is an
i2s Mobius-free tournament 7”7 s.t. 7"\ v = T for some vertex v of T’

Initially, we only need consider valid extensions of F'y, F», F3, Fy.

@ ['] has only one valid extension, 1.e., Gy;
@ F» has no valid extension;
@ [’3 has only two valid extensions, i.e., G, and G3;

@ F, has no valid extension.

Next, we only need consider valid extensions of G, G», G3.

Xujin Chen (Chinese Academy of Sciences Rankine Tournaments with No Errors



Proofs [-sums Chain theorem Structural description Min-max relation

Proof for i2s Mobius-free tournaments

Let 7 be an 12s MoObius-free tournament. An valid extension of 7" is an
i2s Mobius-free tournament 7”7 s.t. 7"\ v = T for some vertex v of T’

Initially, we only need consider valid extensions of F'y, F», F3, Fy.

@ ['] has only one valid extension, 1.e., Gy;
@ F» has no valid extension;
@ F73 has only two valid extensions, i.e., G, and G3;

@ F, has no valid extension.

Next, we only need consider valid extensions of G, G», G3.

None of G1,G,, G3 1s Mobius-free. .

STOP :-)
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Proofs [-sums Chain theorem Structural description Min-max relation

Min-max relation
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Proofs [-sums Chain theorem Structural description Min-max relation

LP-relaxation

Let G = (V,A) be a digraph with arc weight w = (w(e) : e € A), and
M be the cycle-arc incidence matrix of G.
Let P(G,w) stand for the LP-relaxation of the FAS problem

Minimize 7(G) =w'x A
Subjectto  Mx > 1
x>0
(. il J
and let D(G, w) denote its dual, i.e., the LP-relaxation of the cycle
packing problem
/ *

Maximize Vv

\
Subjectto  y'M <w! fractional cycle packing
J

- y > 0.
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Proofs [-sums Chain theorem Structural description Min-max relation

LP-relaxation

Let G = (V,A) be a digraph with arc weight w = (w(e) : e € A), and
M be the cycle-arc incidence matrix of G.
Let P(G,w) stand for the LP-relaxation of the FAS problem

Minimize 7(G) =w'x A
Subjectto  Mx > 1
> ()
\ i, J
and let D(G, w) denote its dual, i.e., the LP-relaxation of the cycle
packing problem
([ Maximize Vv'(G)=y"1 |
Subjctto 37H < w7
\ y > 0. p,
Viw(G) < vy (G) = 7,(G) < 7,(G)
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Proofs [-sums Chain theorem Structural description Min-max relation

Min-max relation

Digraph G is cycle ideal (CI), i.e., {x: Mx > 1,x > 0} is the convex
hull of all integral vectors contained in it

iff P(G,w) has an integral optimal solution for any integral w > 0;
iff 7°(G) = 1,,(G) for any integral w > 0.

Digraph G is cycle Mengerian (CM)
iff 1D(G,w) has an integral optimal solution for any integral w > 0;
iff v'(G) = v,,(G) for any integral w > 0;
iff v,,(G) = 1,,(G) for any integral w > 0.
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Proof's [-sums Chain theorem Structural description Min-max relation

Min-max relation

Digraph G is cycle ideal (CI)
iff P(G,w) has an integral optimal solution for any integral w > 0;
iff 7°(G) = 1,,(G) for any integral w > 0.

VulG) < VLG =T [(G) € 5.G). O

Every CM digraph is CI, but not vice versa in general!

Digraph G is cycle Mengerian (CM)
iff D(G,w) has an integral optimal solution for any integral w > 0;
iff v (G) = v,,(G) for any integral w > 0;
iff v,,(G) = 1,,(G) for any integral w > 0.
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Proofs [-sums Chain theorem Structural description Min-max relation

Min-max relation

Digraph G 1s cycle ideal (CI)
< P(G,w) has an integral optimal solution for any integral w > 0

< 177°(G) = 1,,(G) for any integral w > 0.
Digraph G is cycle Mengerian (CM) @
< v, (G) = 1,,(G) for any integral w > 0

< ID(G,w) has an integral optimal solution for any integral w > 0.

Every CM digraph is CI, but not vice versa in general!

Theorem (C, DING, ZANG, ZHAO, JCTB 2020)

For a tournament T, the following statements are equivalent:
(1) T is Mobius-free,

(i) T is CI; and

(i) T is CM.
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Proofs Conclusion I-sums Chain theorem  Structural description  Min-max relation

CM = Mobius-freeness

Lemma
Every CM tournament is Moébius-free.
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Proofs Conclusion I-sums Chain theorem  Structural description  Min-max relation

CM = Mobius-freeness

Lemma
Every CM tournament is Moébius-free.

Every CM digraph is CI.
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Proofs | I-sums Chain theorem  Structural description  Min-max relation

CI = Mobius-freeness

Every CI tournament is Mobius-free.

None of these Mobius ladders 1s CI.
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Proofs Conclusior l-sumg Chaintheorem Structural description Min-max relation

ius-freeness

Minimax Theorem

For a tournament 7, the following statements are equivalent:
(i) 7 1s Mobius-free;

(ii) 7 1s CI; and

(iii) 7 1s CM.

We have shown that (i) < (ii) < (iii)

Rankine Tournaments with No Errors



Proofs Conclusior l-sumg Chaintheorem Structural description Min-max relation

Sulficiency of Mobius-freeness

Minimax Theorem

For a tournament 7, the following statements are equivalent:
(i) 7 1s Mobius-free;

(ii) 7 1s CI; and

(iii) 7 1s CM.

We have shown that (i) < (ii) < (iii)

An instance (7', w) consists of a Mobius-free tournament 7 = (V,A)
together with a weight function w Z‘i.
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Proofs Conclusior l-sumg Chaintheorem Structural description Min-max relation

Sulficiency of Mobius-freeness

Minimax Theorem

For a tournament 7, the following statements are equivalent:
(i) 7 1s Mobius-free;

(ii) 7 1s CI; and

(iii) 7 1s CM.

We have shown that (i) < (ii) < (iii)
An instance (7', w) consists of a Mobius-free tournament 7 = (V,A)
together with a weight function w Z‘i.
Instance (77, w') with 7" = (V’,A’) is smaller than (7, w) if
o [V <V
o |V/|=|V]|and w(A") < w(A)

, Or
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roofs Conclusior l-sumg Chaintheorem Structural description Min-max relation

Theorem (C, DING, ZANG, ZHAO, JCTB 2020)

Let (T,w) be an instance, such that D(T',w') has an integral optimal
solution for any smaller instance (7, w') than (T,w). Then D(T,w)
also has an integral optimal solution.

An algorithmic proof: Given any instance (7', w),
e either we find an integral optimal solution of (7, w);

@ or we reduce the problem to finding an integral optimal solution
for an instance smaller than (7', w).

Xuiin Chen (Chinese Academy ¢ nces) Rankine Tournaments with No Errors



Proofs

Mﬁbius-freenss = CM

l-sums Chain theorem  Structural description Min-max relation

Structure Theorem

Let T be a strong M6bius-free tournament with at least 3 vertices.
Then either 7 € {F|, G, } or T can be obtained by repeatedly taking
1-sums starting from the tournaments in .7} := % \ {F1,G; }.

| 3 u 2 Yy (B
Cy "—‘n Fle F.Z- FS Fd (:| Gg. Gq
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Proofs [-sums Chain theorem Structural description Min-max relation

Base case

o (31s CM.
@ G is CM (by a computer-assisted proof).
@ 1 = Gl\v6 1s CM.

U6
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Proofs [-sums Chain theorem Structural description Min-max relation

Mobius-freeness = CM

For T ¢ {Cs,F,G,}, we may assume that 7 is strong and 7,,(7") > 0.
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Proofs Conclusion l-sums Chain theorem Structural description Min-max relation

Mobius-freeness = CM

For T ¢ {Cs,F1,G1}, we may assume that 7 is strong and 7,,(7) > 0.

T can be expressed as a 1-sum of two strong Mobius-free tournaments
T, and T, over two special arcs (a;,b;) and (b, a,),

b
T,

such that one of the following three cases occurs:

hub
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[-sums Chain theorem Structural descripion Min-max relation

T ¢ {C3,F1,G] }, and ’L'W(T)

> ()
& hub
T T3 T

Case (1): 7,(To\a2) >0and Tr € % = (F\{C3}) U{F¢}

X
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Proofs Conclusion [-sums Chain theorem Structural descripion Min-max relation

Case (1): T,,,;(TQ\CZQ) >Qand 75 € 72 = (%\{C;}) U {F@}

e ID(7,w) has an optimal solution y such that y(C) is a positive
integer for some cycle C contained in 75 \a, — performing
various reductions.

@ Define w'(e) =w(e) if e ¢ C and w'(e) = w(e) — y(C) for each
ec (.

@ By hypothesis, D(7’,w’) has an integral optimal solution y’. We
obtain an integral optimal solution to ID(7, w) by combining y’
with y(C) — reducing the problem to smaller instance D(7”, w').
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[-sums Chain theorem Structural descripion Min-max relation

Ty T

Case (2): 7,(T2\az) > 0 and there exists S C V(T2)\{az, b, } with
S| > 2, s.t. T[S] is acyclic, To /S € T3 = (FH\{F2}) U{G4,Gs,Gs},
and the vertex s* arising from contracting S is a near-sink in 7'/S;
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[-sums Chain theorem Structural descripion Min-max relation

Ty T

Case (2): 7,(T2\az) > 0 and there exists S C V(T2)\{az, b, } with
S| > 2, s.t. T[S] is acyclic, To /S € T3 = (FH\{F2}) U{G4,Gs,Gs},
and the vertex s* arising from contracting S is a near-sink in 7'/S;

Similar to Case (1), we reduce the problem on (7, w) to smaller
instance D(77, w').
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Proofs Conclusion [-sums Chain theorem Structural descripion Min-max relation

Case (3): Every positive cycle in T contains arcs in both 7'} and 75,
where a cycle C is called “positive” if w(e) > 0 for each arc e on C.
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Proofs Conclusion [-sums Chain theorem Structural descripion Min-max relation

Case (3): Every positive cycle in T contains arcs in both 7'} and 75,
where a cycle C is called “positive” if w(e) > 0 for each arc e on C.

By splitting the hub / into two vertices s and 7, we can apply the
max-flow min-cut theorem to show that 7 1s CM.
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Conclusion

Concluding remarks
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Conclusion

Future work

Our characterization yields a polynomial-time algorithm for the
minimum-weight feedback arc set problem on CM tournaments.
But this algorithm is based on the ellipsoid method for linear
programming, ...

Question

Can it be replaced by a strongly polynomial-time algorithm of a
transparent combinatorial nature?
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= Conclusion

Future work

In combinatorial optimization, there are some other min-max results
that are obtained using the “structure-driven” approach.

Despite availability of structural descriptions, combinatorial
polynomial-time algorithms for the corresponding optimization
problems have yet to be found, e.g., those on matroids with the
max-flow min-cut property

@ Seymour (1977]: characterization;

@ Truemper (1987): efficient algorithms based on the ellipsoid
method.
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